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ABSTRACT
Chao Han PhD student, Purdue University, August 2018. Diﬀerential Molecular
Diﬀusion In Turbulent Non-premixed Combustion: Power-law Scaling, Modeling Requirements, and Flamelet Simulations. Major Professor: Haifeng Wang.
The signiﬁcance of diﬀerential molecular diﬀusion (DMD) has been demonstrated
experimentally and numerically in many studies. Despite the signiﬁcance, the eﬀort
of modeling DMD in turbulent combustion is still inadequate, and assumptions of
equal molecular diﬀusion and unity Lewis numbers are often made when modeling
turbulent combustion. It is imperative to interrogate the physics of DMD in turbulent
combustion to provide needed physical insights for the advancement of models for
DMD. In this work, we examine DMD in turbulent non-premixed combustion and
advance the ﬂamelet models for incorporating DMD.
The eﬀect of DMD in turbulent non-premixed ﬂames is studied by examining two
previously reported DNS of temporally evolving planar jet ﬂames, one with CO/H2 as
the fuel and the other with C2 H4 as the fuel. The DMD behaviors in the CO/H2 DNS
ﬂames are found to be like ﬂamelets, while in the C2 H4 DNS ﬂames they are ﬂameletlike only in the early stages of the ﬂame evolution and become non-ﬂamelet-like later.
The scaling of DMD with respect to the Reynolds number Re is investigated in the
CO/H2 DNS ﬂames statistically, and an evident power-law scaling is observed. The
eﬀects of Damköhler number Da on the DMD behaviors are also examined in both
the laminar counter-ﬂow jet C2 H4 diﬀusion ﬂames and the C2 H4 DNS ﬂames.
For developing DMD models, it is needed to have a set of model constraints based
on physical observations to constrain the model development such that the models
yield consistent results with physical observations. For developing consistent DMD
models, we adopt the obtained power-law Re number scaling of DMD as the model
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constraints and examine the turbulence modeling requirement in order to yield the
desired power-law scaling. Perturbation analysis is conducted to examine the model
consistency to yield the desired power-law scaling for DMD in a mixing layer test
case. It is found that a diﬀerential mixing time scale model is needed in order to yield
the desired scaling, while the commonly used equal mixing time scale model cannot
produce the scaling correctly. Numerical simulations of the turbulent mixing problem
are also performed to further demonstrate the turbulence modeling requirement for
producing the desired power-law scaling of DMD.
The ﬂamelet models for turbulent combustion assume one dimensional laminar
ﬂamelet with equal molecular diﬀusivity embedded in turbulent ﬂames and use presumed PDF to integrate the laminar ﬂamelet to obtain an integrated ﬂamelet table
that can be readily used for turbulent ﬂame calculations. It is pointed out in this work
that there are non-unique approaches for such an integration, and this non-unique
integration has not been thoroughly investigated before. A thorough understanding
of this non-uniqueness is useful for providing a sound baseline model for incorporating
DMD. This work studies, for the ﬁrst time, systematically the non-uniqueness of the
ﬂamelet table integration approaches. A ﬂamelet model called the ﬂamelet/progress
variable (FPV) model is used in the study although the issue generally exists in many
other ﬂamelet models. Two classes of table integration approaches are investigated,
one preserving the laminar ﬂamelet structures during integration and the other not. A
partially stirred reactor is used as a test case for examining the diﬀerent approaches.
A method based on the transported probability density function (PDF) method is
also employed to provide a reference for the assessment of the diﬀerent ﬂamelet table
integration approaches. It is found in general that the ﬂamelet preserving integration
approach yields more reasonable joint PDF of the mixture fraction and the progress
variable, and the prediction results are closer to the referenced transported PDF
results.
A series of consistent DMD models suitable for ﬂamelet modeling of turbulent
non-premixed combustion has been developed recently. In this work, these DMD
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models are further assessed in the CO/H2 and C2 H4 DNS ﬂames. These models have
been tested in a few ﬂames and more thorough validation is required to examine
the model’s performance under diﬀerent combustion conditions. In these models, the
dependence of DMD on the Re number, which is missing in original ﬂamelet models,
is correctly incorporated based on a limiting analysis of the behaviors of DMD at the
limits of small and large Re numbers. The performances of the models are carefully
examined in the DNS ﬂames to further validate the models.
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1. INTRODUCTION
1.1

Background
Energy deﬁciency is becoming one of the major concerns for human beings. More

demanding is put on the energy supply to satisfy the need for industry, transportation,
residential and commercial activities. The total energy consumption is constantly
increasing during the past half century in US, as shown in Figure 1.1 and this trend
is expected to continue for the next few decades [1]. In the foreseeable near future,
we will still heavily rely on the fossil fuels as our primary energy source although
they are not renewable. How to improve the fuel eﬃciency is an urgent task for the
combustion scientists. Meanwhile, more strict regulations have been imposed on the
pollutant emissions from the combustion process. For example, the European Union
has targeted the average CO2 emissions for light commercial vehicles of 175 g/km
from the year 2017 and 147 g/km from the year 2020 [2]. Lowering and capturing the
emissions are critical areas that need urgent resolutions.
Combustion is the main process in many practical engines that utilize fossil fuels.
In the gasoline engines which most light vehicles equip, fuel air mixture is ignited by
a spark plug [3] to produce the high temperature gases that can do the mechanical
work to drive the vehicles. In the diesel engines, the combustion is triggered by
compression. In either engine, combustion is the critical process and the issues of
combustion eﬃciency and emissions aforementioned, are ascribed to the issues in
combustion process. Many new techniques have been proposed to deal with these
problems. For instance, exhaust gas recirculation (EGR) [3] can reduce the emissions
by recirculating a portion of the exhaust gases back to the engines; new catalysts
have been found and used to convert some compositions of the exhaust gases into
non-toxic species. In spite of the progress, a detailed understanding of practical
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Fig. 1.1. U.S. total energy consumption estimates by end-use sector,
1950-2011. (Figure source: US Energy Information Administration
website [1])

combustion processes is still very limited. Such a understanding is critical to the
design of new combustion engines.
Combustion can be categorized in many ways. It can be laminar or turbulent
based on the status of the ﬂow ﬁeld, single phase or multiphase based on the number
of phases involved, or non-premixed or premixed based on the mixing status of fuel
and oxidizer before combustion [4]. In this work, the primary focus will be on gaseous
non-premixed turbulent combustion. In turbulent non-premixed combustion, mixing
reaches molecular level before reaction and diﬀerent species have diﬀerent molecular diﬀusion rates. This diﬀerence results in so-called diﬀerential molecular diﬀusion
(DMD) which is the central topic of this work. DMD aﬀects the combustion ﬁeld
signiﬁcantly in many cases. We will examine the DMD behaviors in turbulent nonpremixed combustion to provide physical insights that will be useful for the advancement of models for DMD.
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1.2

Computational studies of turbulent combustion
Computational simulations and experiments are the two major approaches to

study combustion problems. With the rapid advancement of computer technology, it
is possible to obtain substantial information of interest from simulations for studying
combustion. The focus of this work will be the examination and modeling of DMD
in turbulent combustion. In order to accurately model DMD, it is important to
have both accurate turbulence modeling and turbulent combustion modeling. In the
following, the turbulence modeling and turbulent combustion modeling are brieﬂy
discussed.

1.2.1

Modeling of turbulence

In turbulent combustion, turbulence is an essential part and its modeling can
aﬀect the combustion modeling signiﬁcantly. In combustion applications, weak and
moderate turbulence can sometimes facilitate combustion by enhancing the mixing
between fuel and oxidizer or the mixing between cold reactants and hot products [5],
while too strong turbulence can impede combustion due to overwhelming transport
of heat and radicals [5]. In order to accurately model turbulent combustion, it is
necessary to obtain accurate predictions of turbulence ﬁelds which are not trivial due
to the multi-scale and highly non-linear nature of turbulence.
In general, there are three levels of turbulence modeling, direct numerical simulations (DNS), large eddy simulations (LES) and Reynolds averaged Navier-Stokes
(RANS) simulations. DNS [6] resolves all the scales in turbulence down to the Kolmogorov scale, and no model is needed. Although there are many reported DNS
studies of turbulent combustion [7–12], those studies are only limited to highly simpliﬁed problems with simple geometry. RANS treats turbulence as a single large
scale problem and all the turbulence scales are modeled. The computational cost of
RANS is orders of magnitudes lower than DNS. The k −  [13] and k − ω [14] models
are two examples of turbulence models for RANS. LES divides all turbulence scales
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into the large resolved scales and small residual scales, and resolves the large scales
with the eﬀect of residual scales modeled. The computational cost of LES is much
larger than RANS since multiscales of turbulence are considered, but it still has much
lower cost than DNS. The Smagorinsky model [15] and its variant with the dynamic
procedure [16] are two examples of sub-ﬁlter scale models for LES.

1.2.2

Modeling of turbulent combustion

In order to model DMD accurately, we also need to have an accurate modeling of
combustion. In turbulent combustion, diﬀerent species have diﬀerent diﬀusion rates
which yield the DMD phenomena. The DMD interacts with the complex chemical
kinetics and turbulent transport, resulting in a highly coupled interaction among
turbulence, molecular diﬀusion and chemical reaction.
Besides the challenges in modeling turbulence discussed in the above section 1.2.1,
there are at least two additional challenges in the modeling of the complicated multiphysical interactions in turbulent combustion. The ﬁrst challenge is to describe detailed chemical reactions accurately. In combustion, hundreds even thousands of
species and reactions are typically involved [17]. Even for the simplest hydrocarbon
fuel, methane (CH4 ), its chemical mechanism GRI3.0 [18], which is widely used to describe the reaction process, contains 53 species and 325 reactions. For toluene (C7 H8 ),
a higher hydrocarbon fuel, its chemical mechanism contains as many as 176 species
and 804 reactions [19]. This means that we need to solve hundreds of equations in
order to resolve the detailed chemical process, which is often unrealistic in practical
applications. In order to make the computational cost tractable, diﬀerent methods
have been proposed to reduce the size of the chemical reaction mechanisms by eliminating the least important or uninteresting species and reactions. These methods include direct relation graph [20] and computational singular perturbation [21]. There
are also techniques that can be applied to the reduced mechanisms in order to reduce

5
the computational cost, such as the quasi steady state approximation (QSSA) [22]
and the partial equilibrium assumption [4].
The other challenge is to model the turbulence-chemistry interactions. In combustion, chemical reaction is a highly nonlinear function of temperature. A 50K diﬀerence
in temperature can result in three orders of diﬀerence in the reaction rate in a typical methane ﬂame. The turbulence induced ﬂuctuations can aﬀect the combustion
signiﬁcantly. Meanwhile, the heat release of combustion is able to expand the ﬂow
and change the ﬂow property. Modeling the complicated interactions of turbulence
and combustion is a major challenge in the ﬁeld. In the rest of this section, a review
of turbulent combustion models is presented. An accurate prediction of turbulencechemistry interaction is a prerequisite for an accurate modeling of DMD in turbulent
combustion.
There are several existing turbulent combustion models, and they mainly fall
into two major categories, namely the ﬂamelet based models and the transported
probability density function (PDF) based models [6, 23]. Since the focus of this work
is non-premixed combustion, only turbulent non-premixed combustion models are
discussed.
In the ﬂamelet based models, the basic assumption is that the chemical reactions
occur in a very thin layer and the eﬀect of turbulence on the inner structure of the
reaction zone is negligible. The turbulent ﬂames can then be viewed as a statistical
ensemble of non-premixed laminar ﬂamelets [24]. Flamelet concept was ﬁrst introduced in the 1970s [25]. In the original steady ﬂamelet model (SFM) [24,26], with the
assumptions of steady state and large Damköhler number Da, the thermo chemical
quantities are parameterized by a conserved scalar, mixture fraction, within a ﬂamelet.
Equal diﬀusion and unity Lewis numbers are also assumed in the SFM, which means
that DMD is neglected. In order to account for the ﬂow eﬀect, laminar ﬂamelets are
calculated with a range of strain rates or scalar dissipation rates. Then, the ﬂamelets
are integrated with a presumed PDF and a turbulent ﬂame can be described by the
integrated ﬂamelets. Many variants of ﬂamelet models have been developed later.
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Unsteady ﬂamelet model [27] was introduced to take the transient eﬀect into consideration. It was found that the formation of NO was better predicted by the unsteady
ﬂamelet model than the SFM model. In the ﬂamelet/progress variable (FPV) approach [28], a progress variable was introduced to replace the scalar dissipation rate.
Both the stable burning branch and the unstable burning branch were accounted for
in the FPV model. These features enable the FPV model to treat local extinction
and re-ignition in turbulent combustion [29–31]. Unsteady ﬂamelet/progress variable
model was then developed by Ihme and See [32] and was shown to be able to predict
the ﬂame with auto-ignition process.
The other category of turbulent combustion models is the PDF based [23]. The
transported PDF method [6] is a representative model in this category. The transported PDF method solves the transported equation of the joint PDF of a set of ﬂow,
turbulence and thermodynamic variables [33–35]. The transported PDF method has
been developed in both RANS [33] and LES [36, 37]. A signiﬁcant advantage of the
transported PDF method is that it can treat the detailed chemical reaction exactly
without any modeling although the mixing has to be modeled. Multiple mapping conditioning (MMC) model [38] is an extension of the transported PDF method. In this
model, the scalars are grouped into “major species” and “minor species”. Compared
to the joint PDF of all the species being solved in the transported PDF method, only
the joint PDF of “major species” is solved in the MMC model while “minor species”
are conditioned on the “major species” [39].
To summarize, the turbulence modeling and turbulent combustion modeling are
brieﬂy discussed in this section. Turbulent combustion modeling has achieved significant progress in the past few decades. However, most of the turbulent combustion
modeling studies involve assumptions including equal molecular diﬀusivity and unity
Lewis numbers. This means that DMD is neglected in these models. In the following
section, the signiﬁcance of DMD is discussed and then the DMD modeling challenges
and state-of-the-art DMD modeling is presented.
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1.3

Diﬀerential molecular diﬀusion

1.3.1

Signiﬁcance of diﬀerential molecular diﬀusion

In turbulent combustion, there are essentially two fundamental diﬀusion mechanisms to yield the diﬀusive transport of species and energy: molecular diﬀusion and
the so-called turbulent diﬀusion. Molecular diﬀusion is the result of random motion
and collision of molecules. It occurs at the scale of the molecular mean free path.
Turbulent diﬀusion is caused by turbulent eddies which can transport species and
energy over a longer distance than molecular diﬀusion.
Over the past few decades, in RANS and LES [6], the study of diﬀusion in turbulent non-premixed combustion has mainly focused on turbulent diﬀusion [6, 33]. In
the context of RANS [6], the eﬀect of molecular diﬀusion is often neglected or highly
simpliﬁed, based on the argument that the turbulent diﬀusion dominates molecular
diﬀusion in a high Reynolds number (Re) ﬂow [6, 40]. We can introduce a nominal
molecular diﬀusivity DM to quantify molecular diﬀusion and a turbulent diﬀusivity
DT to quantify turbulent diﬀusion. A scaling analysis [40, 41] shows that DM /DT
scales as Re−1 , i.e., DT DM for high Re problems. For highly turbulent non reacting ﬂows, the eﬀect of molecular diﬀusion is expected to be insigniﬁcant in comparison
to turbulent diﬀusion (in the context of Reynolds averaging).
However, there are many cases in which molecular diﬀusion can have substantial eﬀects. In turbulent premixed combustion, the signiﬁcance of detailed molecular
diﬀusion has been widely recognized [4, 42–45]. In turbulent non-premixed combustion, chemical reaction occurs at the molecular scale, and thus how the reactants
are brought together at the molecular scale directly determines the chemical pathways. Fundamentally, it is molecular diﬀusion that ultimately mixes reactants at the
molecular scale. Thus molecular diﬀusion has non-negligible theoretical signiﬁcance
in turbulent non-premixed combustion. Moreover, based on the Reynolds averaging
argument, locally low Re can be frequently encountered in turbulent non-premixed
combustion caused by several possibilities, such as a lowered Re in high temperature
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ﬂame regions [46], and locally weak turbulence or laminar regions [47]. Furthermore,
in the context of LES, the magnitude of molecular diﬀusivity can be comparable to
the sub-ﬁlter scale turbulent diﬀusivity [48]. Based on these considerations, the effect of molecular diﬀusion in turbulent non-premixed combustion cannot be viewed
as universally insigniﬁcant. A quantitative understanding of molecular diﬀusion and
its interaction with turbulent diﬀusion and chemical reaction is needed to provide a
detailed understanding of turbulent non-premixed combustion.
DMD is a phenomenon resulting from the diﬀerent diﬀusion rates of diﬀerent
species and it can have signiﬁcant eﬀects on the ﬂow ﬁelds and combustion ﬁelds as
reported in many studies (e.g. [41, 49–56]). For example, Gopalakrishnan et al. [53]
numerically studied the eﬀects of DMD on ignition characteristics of an n-heptane
diﬀusion ﬂame in a range of temperatures and ambient pressures. In this work,
they found that including DMD was able to increase or decrease the ignition delay
depending on the initial temperatures. And the level of increasing or decreasing
depended on the pressure. Hilbert et al. [54] investigated the eﬀects of DMD on the
maximum temperature in a turbulent non-premixed H2 /air ﬂame by using DNS. They
showed that ﬂames had higher temperature when DMD was involved. Minamoto et
al. [56] examined the eﬀects of DMD in three-dimensional DNS of a transverse syngas
fuel jet in a turbulent cross-ﬂow. They found that DMD was important in preparing
the mixture and initiating reactions in this ﬂame. In all, all these studies show the
signiﬁcance of DMD in turbulent ﬂames and DMD therefore cannot be neglected as
what many turbulent combustion modeling studies assumed.

1.3.2

DMD modeling challenges and current status

As discussed in the previous section, DMD has been recognized as an important
physical phenomenon. Hence, it is natural and necessary to incorporate DMD eﬀects
in turbulent combustion models. It seems that this incorporation is straightforward
since using the non-unity Lewis number rather than the unity value looks like the

9
only thing we need to do. However, it is often not the case. On one hand, most of
the turbulent combustion models are initially developed based on the assumptions of
equal diﬀusion and unity Lewis numbers. They may need signiﬁcant modiﬁcations
to incorporate DMD eﬀects. One example is that in the traditional transported PDF
method [33] implementation, the DMD cannot be incorporated. Another example
is that in ﬂamelet models, direct incorporation can over-predict the DMD [52] signiﬁcantly. On the other hand, evaluating the molecular diﬀusivity of each species
can increase the computational cost a lot. Considering that the current turbulent
combustion modeling is already very computationally expensive, creative ways are
needed to incorporate DMD. In the following, current status of modeling DMD will
be brieﬂy discussed.
Kronenburg and Bilger [57, 58] derived the equations including DMD eﬀects in
the conditional moment closure (CMC) model and proposed a way to model the
additional terms introduced by the incorporation of DMD based on the analysis of
DNS results. Reasonable results were demonstrated and more accurate NO formation
rates in the near ﬁeld of a jet ﬂame were predicted by inclusion of DMD. A similar
work has also been done by Ma and Devaud [59]. In that work, the CMC equations
with DMD eﬀects for species and enthalpy were derived and the eﬀects of non-unity
Lewis number of species H and H2 on the combustion ﬁelds were illustrated. In the
transported PDF method, an approach to treat molecular diﬀusion was presented
by McDermott and Pope [60]. In this approach, molecular transport was modeled
by a mean drift in the particle composition space, rather than by a random walk in
physical space in the traditional transported PDF method. As a result, the DMD
can be easily implemented in the mean drift model. Pitsch [52] implemented a DMD
ﬂamelet model and applied it in a jet ﬂame. It turned out that the DMD behaviors
were predicted quite well in the near jet ﬁeld. However, at the downstream, the
unity Lewis number assumption needed to be restored for accurate predictions. The
reason was that DMD in a turbulent ﬂame depends on the Re number [40] while this
model ignored this dependence. Recently, Wang [41] developed a series of consistent
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DMD models in the ﬂamelet framework in which the Re dependence was correctly
incorporated. The newly developed DMD models have been tested in Sandia piloted
ﬂames [41] and the models perform well in those ﬂames. In chapter 6 of this thesis
work, the DMD modeling work is based on this work [41].

1.4

Objectives and major contributions
As discussed above, in turbulent combustion modeling, equal molecular diﬀusion

and unity Lewis numbers are often assumed. However, DMD behaviors and their
signiﬁcance in turbulent non-premixed ﬂames are recognized experimentally and numerically. Unfortunately, the progress to develop models to predict DMD behaviors
is fairly slow and signiﬁcant eﬀorts are needed. This motivates this work: to examine and to model DMD behaviors in the ﬂamelet models for turbulent non-premixed
combustion in various aspects. More speciﬁcally, the objectives of this work are:
1. to gain deep insights into the DMD behaviors in turbulent ﬂames by interrogate
two DNS ﬂame database;
2. to obtain power-law scaling of DMD in terms of Re for turbulent ﬂames;
3. to get modeling requirements in simulations in order to correctly predict the
scaling properties of DMD;
4. to provide a quantitative assessment of the diﬀerent ﬂamelet table integration
approaches to establish a sound ﬂamelet base model for DMD;
5. to perform critical validation of diﬀerent DMD models by conducting a priori
and a posterior analysis in the DNS ﬂames.
The major contributions of this work are summarized as follows:
1. Quantitative understanding of DMD in turbulent ﬂames is presented. The DMD
behaviors are investigated thoroughly. This enables us to gain physics of DMD
behaviors;
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2. The scaling of DMD with respect to Re and Da is established from the DNS
databases. Particularly, a power-law scaling of mean behaviors and turbulence
ﬁeld of DMD is established against Re. This new theoretical development is
helpful to further development of DMD models;
3. The modeling requirements for the scalar dissipation time scale are demonstrated for predicting the correct power-law scaling of DMD with respect to
Re;
4. A substantial understanding of the diﬀerent ﬂamelet table integration approaches
is provided. The diﬀerent ﬂamelet table integration approaches are used to
generate ﬂamelet tables from laminar ﬂamelet for turbulent ﬂame simulations.
There are non-unique ways to integrate the ﬂamelets, and the diﬀerences in
these diﬀerent ﬂamelet table integration approaches have not been thoroughly
examined before. By examining the diﬀerent ﬂamelet integration approaches,
the fundamental diﬀerence in these diﬀerent integration approaches is clearly
shown from the study;
5. The newly developed DMD models in [41] are validated further in the DNS
ﬂames with diﬀerent combustion conditions. These DMD models have been
tested in a few ﬂames and more thorough validation is required to examine the
model’s performance. This validation study is also informative for the future
development of DMD models.

1.5

Outline
The rest of this report is organized as follows. Chapter 2 explores the physi-

cal behaviors of DMD to provide thorough understanding of DMD that is useful for
model development. Two previously generated DNS data sets are interrogated extensively to extract qualitative and quantitative information about the eﬀects of DMD
in turbulent non-premixed ﬂames. The two DNS ﬂames are in the same geometry,
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a temporally evolving planar jet ﬂame, and are performed with diﬀerent fuels, one
with CO/H2 and the other with C2 H4 . In the CO/H2 DNS ﬂames, there are three
cases with diﬀerent Re all with the same Da, and in the C2 H4 ﬂames, there are also
three cases but with a ﬁxed Re and with diﬀerent Da. DMD in these DNS ﬂames are
compared with laminar diﬀusion ﬂamelets. The dependence of DMD on Re and Da
is also examined in these two series of DNS ﬂames, respectively. Then a power-law
scaling are demonstrated for the mean behaviors and turbulence ﬁeld of DMD with
respect to Re.
In Chapter 3, the modeling requirements in simulations to reproduce these powerlaw scalings are discussed. Perturbation analysis is conducted to examine the model
consistency to yield the desired power-law scaling for DMD in a mixing layer test
case. Numerical simulations of the turbulent mixing problem are also performed to
further demonstrate the turbulence modeling requirement for producing the desired
power-law scaling of DMD.
Chapter 4 brieﬂy reviews the ﬂamelet models. In particular, the SFM and FPV
ﬂamelet models are reviewed to provide the adequate modeling background for facilitating the later discussions.
Chapter 5 focuses a numerical algorithm for ﬂamelet table generation that is critical to the combustion modeling. Diﬀerent ﬂamelet table integration approaches that
integrate the laminar ﬂamelet solutions to produce the ﬁnal ﬂamelet table for turbulent ﬂame simulations are investigated systematically for the ﬁrst time to provide a
quantitative understanding of the fundamental diﬀerence of the diﬀerent approaches.
The examination is conducted in the partially stirred reactor test cases with transported PDF method as a reference. This chapter provides a framework basis for the
discussions of modeling DMD in chapter 6.
Chapter 6 provides further validation of several existing DMD models in DNS
ﬂames. Diﬀerent DMD models are examined in both the CO/H2 and C2 H4 DNS
ﬂames through a priori and a posteriori analysis. The predictions of ﬂow ﬁelds and
DMD are compared with the DNS data in detail.
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Chapter 7 summarizes and concludes this work.
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2. EXAMINATION OF DIFFERENTIAL MOLECULAR
DIFFUSION BEHAVIORS IN DNS FLAMES

1

As discussed in chapter 1, DMD is a phenomenon resulting from the diﬀerent rates
of molecular diﬀusion of diﬀerent species. In this chapter, we focus on examining the
eﬀect of DMD in two Sandia DNS of temporally evolving planar jet ﬂames: CO/H2
non-premixed ﬂames [61] and C2 H4 ﬂames [62], with the goal to provide a quantitative understanding of the DMD eﬀect and the diﬀerence of DMD behaviors in these
two diﬀerent ﬂames with the ultimate objective that is provide the physical insights
for the advancement of models for DMD. The CO/H2 DNS ﬂame series contain three
cases with ﬁxed Damköhler number Da and diﬀerent Re, and the C2 H4 DNS ﬂame
series contain three cases with diﬀerent Da and ﬁxed Re. These DNS ﬂames provide accessible information for studying DMD in turbulent non-premixed combustion.
Speciﬁcally, in this chapter, we have four objectives:
• Conduct comparative studies of DMD in steady laminar diﬀusion ﬂames and
in the two DNS ﬂames to provide understanding of the diﬀerence of DMD
behaviors in these two DNS ﬂames;
• Examine the eﬀect of Re on DMD in the CO/H2 DNS ﬂames qualitatively;
• Examine the eﬀect of Da number on DMD in steady laminar diﬀusion ﬂames
and in the C2 H4 DNS ﬂames, and perform scaling analysis for the eﬀect of DMD
with respect to Da.
• Investigate the scaling properties of DMD and perform statistically analysis for
the eﬀect of DMD with respect to Re;
1

FIRST THREE SECTIONS ARE ADAPTED FROM THE PUBLICATION “C. HAN, D.O.
LIGNELL, E.R. HAWKES, J.H. CHEN, H. WANG. EXAMINATION OF DIFFERENTIAL
MOLECULAR DIFFUSION IN DNS OF TURBULENT NON-PREMIXED FLAMES. INTERNATIONAL JOURNAL OF HYDROGEN ENERGY, 2017, 42: 11879−11892.”
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2.1

Diﬀerential molecular diﬀusion behaviors in DNS ﬂames

2.1.1

Temporally evolving DNS ﬂames

The data sets from DNS of two temporally evolving planar jet ﬂames from the
previous work [61, 62] are employed for the study of DMD in this work. One ﬂame
uses CO/H2 as the fuel [61], and the other ﬂame uses C2 H4 as the fuel [62]. Three
cases are considered in the CO/H2 DNS ﬂames, case L, case M, and case H, with
increasing Re (ReL = 2510, ReM = 4478, ReH = 9079) and with the same Da.
These cases provide an excellent test case to examine and to quantify the eﬀect of Re
on DMD. The C2 H4 DNS ﬂames have three cases as well, case 1, case 2, and case 3,
with decreasing Da and with the same Re, which is ideal for the exploration of the
eﬀect of Da on DMD. In addition to the study of the eﬀect of Re and Da on DMD,
we will also compare the DMD behaviors in these two diﬀerent sets of DNS ﬂames,
with the focus on the eﬀect of the existence of H2 in the fuel on DMD.
In the DNS ﬂames, the initial conditions for the simulations are speciﬁed from
a steady ﬂamelet solution with equal molecular diﬀusivities for all species and unity
Lewis number. It appears that the eﬀect of the equal diﬀusion initial condition fades
very quickly in time in the DNS ﬂames, which is discussed later.

2.1.2

Quantiﬁcation of diﬀerential molecular diﬀusion

In order to quantify DMD in the DNS ﬂames, we deﬁne mixture fraction ξα based
on an element α as
ξα =

Yα − Yα,o
,
Yα,f − Yα,o

(2.1)

where Yα , Yα,f and Yα,o are the mass fractions of element α in the local gas mixture,
the mass fraction of element α in the fuel, and the mass fraction of element α in the
oxidizer.
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For laminar ﬂames, the eﬀect of DMD can be quantiﬁed by the diﬀerence, zαβ , of
diﬀerent mixture fractions deﬁned based on diﬀerent elements [40, 41, 63],
zαβ = ξα − ξβ .

(2.2)

Certainly there are other methods to quantify DMD, e.g. the method used by Sutherland [50]. While Sutherland’s method enables the source of DMD to be identiﬁed in
the ﬂame, in the present study we choose to use zαβ for its simplicity and because it
is readily measurable from experiment. In the above deﬁnition, zαβ is deﬁned locally
at each point and time for a given ﬂame. It is noted that ξα and ξβ at the same
point and time inside the same ﬂame are not independent. Thus zαβ can be viewed
as a function of ξβ at a ﬁxed point and time in a ﬂame. A global parameter, Zαβ , is
deﬁned to provide an average assessment of DMD,
s
Z ξβ,m
1
2
Zαβ =
zαβ
dξβ ,
ξβ,m 0

(2.3)

in which, ξβ,m is the maximum possible value of ξβ (ξβ,m ≤1). The parameter Zαβ can
2
in the mixture fraction ξβ
be viewed as the square root of the volume average of zαβ

space.
For turbulent ﬂames, we can introduce the Favre averaging and deﬁne the corresponding Favre averaged quantities, z̃αβ , and Zeαβ ,

Zeαβ

z̃αβ = ξ˜α − ξ˜β ,
v
u
u 1 Z ξ̃β,m
2
=t
z̃αβ
dξ˜β ,
˜
ξβ,m 0

Similarly we can deﬁne the root mean square (rms) quantities as,
q
00
2
2
zαβ,rms = zf
αβ − z̃αβ ,
v
u
u 1 Z ξ̃β,m
00
00
Zαβ,rms = t
)2 dξ˜β .
(zαβ,rms
˜
ξβ,m 0

(2.4)
(2.5)

(2.6)

(2.7)

Diﬀerent elements can be used to deﬁne the above parameters. In combustion problems, hydrocarbon fuels are most commonly used. In this work, we use the elements
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00
00
H and C to deﬁne the above parameters, zHC , ZHC , z̃HC , ZeHC , zHC,rms
, and ZHC,rms
,

to quantify the eﬀect of DMD.

2.1.3

Diﬀerential molecular diﬀusion in CO/H2 DNS ﬂames

00
(deﬁned in equations
Figure 2.1 shows the temporal evolution of ZeHC and ZHC,rms

(2.5) and (2.7), respectively) in the three CO/H2 DNS ﬂames, case L, case M and
00
are identically zero because a
case H. At time equal to zero, both ZeHC and ZHC,rms

steady ﬂamelet solution with unity Lewis number is used as the initial condition in
the DNS ﬂames [61,62]. At an early time (t/tj ≤10, where tj is the characteristic ﬂow
00
increase in time due to
time scale in the DNS ﬂames [61, 62]), both ZeHC and ZHC,rms

the eﬀect of DMD and reach maximum values between t/tj ∈[5, 15].

eHC ×100
Z

Case L
Case M
Case H

4
2
0
0

20

t/tj

40

′′
ZHC
×100

6
10

5

0
0

20

40

t/tj

Fig. 2.1. Temporal evolution of ZeHC (deﬁned in equation (2.5)) and
00
ZHC,rms
(deﬁned in equation (2.7)) in the three CO/H2 DNS ﬂames,
case L (solid lines), case M (dashed lines), and case H (dash-dotted
lines).

Figure 2.2 shows z̃HC , deﬁned in equation (2.4), against ξ˜C for the three CO/H2
DNS ﬂames, case L, case M and case H. The lines are the DNS results at the diﬀerent
times t/tj = 10 (solid lines), t/tj = 15 (dashed lines), t/tj = 20 (dash-dotted lines)
and t/tj = 30 (dotted lines). The shaded area covers all the steady ﬂamelet solutions
that are computed from OPPDIF [64] for opposed laminar jet diﬀusion ﬂames with
the same boundary conditions as the DNS ﬂames and with the strain rate from 1s−1
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to the extinction point at 2500s−1 . The ﬂamelet solutions are scaled by a factor of
0.4, 0.25, and 0.15 for ﬂames L, M, and H, respectively, for an easy comparison with
the DNS results. From the ﬂamelet solutions, we can see that zHC is negative when
ξC > 0.65 and is positive when ξC < 0.65. Light molecules such as H2 in the fuel
diﬀuse faster than carbon containing species on the fuel rich side, and thus zHC is
negative indicating less H2 compared to the case of equal diﬀusion. As a result, zHC
becomes positive on the fuel lean side because of more H2 entering this region from
the fuel rich side. A characteristic similarity of the DMD behavior between DNS and
ﬂamelet solutions can be observed from the ﬁgure. Both the DNS and the ﬂamelet
solutions yield negative z̃HC (or zHC ) on the fuel rich side and positive z̃HC (or zHC )
on the fuel lean side, and in both cases, z̃HC (or zHC ) changes sign once at about
the same condition of mixture fraction (ξ˜C or ξC ≈0.65). At t/tj = 10, the proﬁles
of z̃HC in Figure 2.2 from the DNS are qualitatively similar to those from a steady
ﬂamelet solution. This suggests that the eﬀect of the initial equal diﬀusion in the DNS
data has faded. The magnitudes of z̃HC from the DNS and those of zHC from the
ﬂamelets are, however, very diﬀerent and this is attributed to diﬀerences between the
three dimensional, unsteady DNS, and the steady one-dimensional ﬂamelets, along
with variations in the strain rate, which is supported by the ﬂamelet solutions shown
in Figure 2.2 whose magnitudes are sensitive to the values of the strain rate. It is
worthwhile to note that the magnitude of z̃HC in case H is relatively small. The
similarity of DMD in the CO/H2 DNS ﬂames and the laminar ﬂamelets indicates
that the eﬀect of DMD in the CO/H2 DNS ﬂames can probably be captured by
ﬂamelet models [24]. We call this type of DMD behavior in the CO/H2 DNS ﬂames
“ﬂamelet-like”.

2.1.4

Diﬀerential molecular diﬀusion in C2 H4 DNS ﬂames

00
In the C2 H4 DNS ﬂames, the temporal evolution of ZeHC and ZHC,rms
is shown

in Figure 2.3. A similar evolution to that in the CO/H2 DNS ﬂames in Figure 2.1
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Fig. 2.2. Proﬁles of z̃HC , deﬁned in equation (2.4), against ξ˜C in the
three CO/H2 DNS ﬂames, case L (left), case M (middle), and case
H (right), at t/tj = 10 (solid lines), at t/tj = 15 (dashed lines), at
t/tj = 20 (dash-dotted lines), at t/tj = 30 (dotted lines). The shaded
area covers the steady ﬂamelet solutions zHC , which are scaled by a
factor of 0.4, 0.25 and 0.15, respectively.

is observed here. The values of ZeHC reach its peak at about t/tj = 7.5. Because
of the same reason due to the eﬀect of the equal diﬀusion initial conditions in the
DNS, we consider the DNS results only at t/tj ≥7.5 in the C2 H4 ﬂames. According to
Lignell et al. [62], case 3 is almost extinguished after t/tj = 30, followed by stratiﬁed
premixed ﬂame re-ignition. The inﬂuence of extinction in case 3 will be noted when
encountered in the following discussions.
4
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Fig. 2.3. Temporal evolution of ZeHC and ZHC,rms
in the three C2 H4
DNS ﬂames, case 1 (solid lines), case 2 (dashed lines), and case 3
(dash-dotted lines).
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Figure 2.4 shows z̃HC against ξ˜C for the three C2 H4 DNS ﬂames, case 1, case 2
and case 3. The lines are the DNS results at the diﬀerent times t/tj = 7.5 (solid
lines), t/tj = 10 (dashed lines), t/tj = 20 (dash-dotted lines) and t/tj = 30 (dotted
lines). The shaded area covers all the steady laminar ﬂamelet solutions with the
strain rate from 1s−1 to the extinction points at 7648s−1 , 5803s−1 and 3888s−1 ,
respectively. The ﬂamelet solutions are scaled by a factor of 0.4 for all three cases.
Two major characteristic diﬀerences of DMD in the C2 H4 DNS ﬂames can be observed
in comparison with the CO/H2 DNS ﬂames discussed in Section 3.3. First, based on
the ﬂamelet solutions in the C2 H4 ﬂames, we can see that zHC changes sign twice
in mixture fraction space. Positive zHC is observed at conditions where (ξC < 0.2)
and (ξC > 0.8), and negative zHC is observed in between. This diﬀerence of DMD in
the C2 H4 DNS ﬂames, when compared to the CO/H2 DNS ﬂames in Figure 2.2, can
be explained by the diﬀerence of H2 in the fuel. In the CO/H2 DNS ﬂames, H2 is
part of the fuel, while in the C2 H4 DNS ﬂames, H2 is generated in the reaction zone
and diﬀuses to the fuel and oxidizer sides, which leads to the double peak features in
Figure 2.4. The distinct roles of H2 as a fuel component and as a stable intermediate
species apparently result in quite diﬀerent DMD behaviors in the CO/H2 DNS ﬂames
and in the C2 H4 DNS ﬂames [50]. Second, comparing the C2 H4 DNS ﬂames and the
ﬂamelet solutions in Figure 2.4, we observe a strong similarity between them in terms
of the shape of z̃HC (or zHC ) proﬁles at t/tj ≤10. At later times t/tj ≥20, however, z̃HC
from the DNS ﬂames are qualitatively diﬀerent than zHC from the ﬂamelet solutions,
particularly at the conditions where zHC (or z̃HC ) changes sign. The ﬂamelet solutions
yield the ﬁrst sign change of zHC between ξC ∈(0.15, 0.21), while the DNS yields the
ﬁrst sign change of z̃HC at a much larger value of ξ˜C > 0.28 when t/tj ≥20. This
diﬀerence indicates the DMD behaviors in the C2 H4 DNS ﬂames are diﬀerent from
those in the CO/H2 DNS ﬂames when the steady laminar ﬂamelet solutions are used
as references. As a result, it is expected that the ﬂamelet models [24] are unlikely able
to reproduce DMD in the C2 H4 DNS ﬂames. We call this type of DMD behaviors in
the C2 H4 DNS ﬂames “non-ﬂamelet-like”. This imposes additional challenges to the
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development of DMD models because of the existence of the diﬀerent types of DMD
behaviors.
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Fig. 2.4. Proﬁles of z̃HC against ξ˜C in the three C2 H4 DNS ﬂames,
case 1 (left), case 2 (middle), and case 3 (right), at t/tj = 7.5 (solid
lines), at t/tj = 10 (dashed lines), at t/tj = 20 (dash-dotted lines), at
t/tj = 30 (dotted lines). The shaded area covers the steady ﬂamelet
solutions zHC , which are scaled by a factor of 0.4.

In summary, we use the DMD behaviors in steady laminar ﬂamelets as a reference
to examine the DMD behaviors in both the CO/H2 and C2 H4 DNS ﬂames. The
CO/H2 DNS ﬂames show ﬂamelet-like DMD, while the C2 H4 DNS ﬂames show, at
early times (t/tj ≤10), ﬂamelet-like DMD, but non-ﬂamelet-like at later times. In the
following sections, we further examine the eﬀect of Reynolds number Re in Section
2.2 and Damköhler number Da in Section 2.3 on DMD.

2.2

Dependence of diﬀerential molecular diﬀusion on Re number
The dependence of DMD on dimensionless numbers such as Re and Da are useful

for a quantitative understanding of DMD, for determining the scaling of DMD, and
for developing new DMD models. In this section, we ﬁrst examine the dependence of
DMD on Re, by using the CO/H2 DNS ﬂames in which the eﬀect of Re is isolated
since Da is ﬁxed in all three CO/H2 DNS ﬂames.
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2.2.1

Eﬀect of Re on diﬀerential molecular diﬀusion in CO/H2 DNS ﬂames

Figure 2.5 compares z̃HC from the three CO/H2 DNS ﬂames at the diﬀerent times.
With the increase of Re, there is a clear trend of decrease of z̃HC . This trend is
consistent with previous studies (e.g. [40, 51]).
00
Figure 2.6 compares the rms zHC,rms
, deﬁned in equation (2.6), in the CO/H2

DNS ﬂames L, M, and H against ξ˜C at the diﬀerent times. In all three CO/H2 ﬂames,
00
is zero at ξ˜C = 0, increases to its peak value at about ξ˜C = 0.6, and then
zHC,rms

decreases. When Re increases from ﬂame L (ReL = 2510), to M (ReM = 4478), and
00
then to H (ReH = 9079), we observe an overall trend of decreasing zHC,rms
, with

the exception at t/tj = 10 in case L. This exception is possibly caused by the equal
diﬀusion initial condition that is discussed in Section 2.1.
00
have a strong
From Figures 2.5 and 2.6, we observe that both z˜HC and zHC,rms

dependence on Re, and when Re increases, both quantities tend to decrease. In the
following section 2.2.2, we provide a quantitative analysis of this dependence.
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Fig. 2.5. Comparison of z̃HC against ξ˜C in the three CO/H2 DNS
ﬂames, case L (solid lines), case M (dashed lines), and case H (dashdotted lines), at t/tj = 10, 15, 20, and 30.
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Fig. 2.6. Comparison of zHC,rms
, deﬁned in equation (2.6), against ξ˜C
in the three CO/H2 DNS ﬂames, case L (solid lines), case M (dashed
lines), and case H (dash-dotted lines), at t/tj = 10, 15, 20, and 30.

2.2.2

Scaling analysis of diﬀerential molecular diﬀusion on Re

Bilger [40] pointed out that the level of DMD scales as Re−1 . Here we provide
an assessment of this scaling by using the CO/H2 DNS ﬂames. We quantify the
level of DMD in the CO/H2 DNS ﬂames by using the parameters ZeHC as deﬁned in
00
deﬁned in equation (2.7). The values of ZeHC from the
equation (2.5) and ZHC,rms

three CO/H2 DNS ﬂames are plotted against Re in Figure 2.7. In the ﬁgure, the
collapse of the DNS results (shown as symbols) along a straight line in the log-log
plot is excellent, indicating a scaling of ZeHC ∼Re−a , where a is a positive constant.
The value of a depends on time t/tj in the DNS ﬂames and varies between 0.76 and
1.38 at the diﬀerent times shown in the ﬁgure. This supports the scaling proposed
by Bilger [40], although the exponent is not exactly -1 in the scaling. Similarly we
00
against Re in Figure 2.8.
examine the scaling of ZHC,rms
00
The results in the ﬁgure supports a scaling ZHC,rms
∼Re−a , where a is close to

0.5 except at time t/tj = 10. This exception is likely caused by the eﬀect of the
00
equal diﬀusion initial condition in the DNS ﬂames. A similar scaling for ZHC,rms
has

24
been reported in the literature, e.g. [65], although contradicting observations have
also been reported experimentally, e.g. in Smith et al. [63] where a non-monotonic
00
is observed in turbulent reacting jet ﬂows. In an accompanying
eﬀect of Re on zHC,rms
00
work, however, Smith et al. [66] reported scaling of zHC,rms
in a non-reacting jet and

showed consistent scaling with the theory. It is generally expected that an accurate
measurement of zeHC in the reacting jet is much more diﬃcult although it is not clear
exactly what is causing this inconsistency of scaling in the experiments. More further

eHC
Z

experimental eﬀort is needed to reconcile the inconsistent observations.
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Fig. 2.7. The scaling of ZeHC against Re in the three CO/H2 DNS
ﬂames at t/tj = 10, 15, 20, 25, 30, and 40. The solid lines are linear
ﬁts to the DNS results.

To summarize, we examine the scaling of DMD in the three CO/H2 DNS ﬂames
00
. Both quantities
with increasing Re (and with ﬁxed Da), in terms of ZeHC and ZHC,rms

are found to scale approximately as Re−a , with a taken to be a positive constant. The
00
is close to 0.5. In
value of a for ZeHC is close to 1.0, and the value of a for ZHC,rms

the next, we further examine the scaling of DMD with respect to Da, through the
analysis of both steady laminar C2 H4 diﬀusion ﬂamelets and the C2 H4 DNS ﬂames.
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Fig. 2.8. The scaling of ZHC,rms
against Re in the three CO/H2 DNS
ﬂames at t/tj = 10, 15, 20, 25, 30, and 40. The solid lines are linear
ﬁts to the DNS results.

2.3

Dependence of diﬀerential molecular diﬀusion on Da number
In the C2 H4 DNS ﬂames, Re is ﬁxed and Da is varied through a change to the fuel

and oxidizer compositions so that the chemical reaction time scales are varied [62]. In
the following, we ﬁrst conduct a qualitative examination of DMD in the C2 H4 DNS
ﬂames. Next we study the scaling of DMD against Da in a steady C2 H4 laminar
ﬂamelet to provide a general understanding of the eﬀect of Da on DMD. The scaling
analysis is then extended to the C2 H4 DNS ﬂames to examine the eﬀect of Da on
DMD in turbulent ﬂames.

2.3.1

Eﬀect of Da on diﬀerential molecular diﬀusion in C2 H4 DNS ﬂames

Figure 2.9 shows z̃HC against ξ˜C for the three C2 H4 DNS ﬂames. With a decrease
of Da from case 1 to case 3, the magnitude of z̃HC decreases. The shape of the proﬁles
of z̃HC from the diﬀerent cases is very similar at the same time t/tj . The location
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of the maximum z̃HC moves slightly to the fuel lean side when Da decreases. Figure
00
against ξ˜C from the three C2 H4 DNS cases. With a decrease of
2.10 compares zHC,rms
00
00
Da, the magnitude of zHC,rms
tends to decrease as well. There is one peak of zHC,rms

in the mixture fraction space. This peak location is diﬀerent in time, and tends to
move towards the fuel lean side as time increases. In the following Sections 2.3.2 and
2.3.3, we analyze the scaling dependence of DMD on Da.
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Fig. 2.9. Comparison of z̃HC against ξ˜C in the three C2 H4 DNS ﬂames,
case 1 (solid lines), case 2 (dashed lines), and case 3 (dash-dotted
lines), at t/tj = 7.5, 10, 20, and 30.

2.3.2

Scaling analysis of diﬀerential molecular diﬀusion on Da in a laminar ﬂamelet

To provide insights into the eﬀect of Da on DMD and its scaling, we design a
series of laminar C2 H4 /O2 /N2 diﬀusion ﬂame test cases to examine the scaling of
DMD on Da in laminar non-premixed ﬂames ﬁrst, before we examine the scaling in
the C2 H4 DNS ﬂames. We use counter-ﬂow jet diﬀusion ﬂames as the test cases [64]
in which we vary Da by varying the chemical time scale while holding the ﬂow time
scale constant in order to have Re ﬁxed, in a similar manner to the variation of Da
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Fig. 2.10. Comparison of zHC,rms
against ξ˜C in the three C2 H4 DNS
ﬂames, case 1 (solid lines), case 2 (dashed lines), and case 3 (dashdotted lines), at t/tj = 7.5, 10, 20, and 30.

in the DNS ﬂames [62]. The ﬂow time scale τf in the counter-ﬂow jet ﬂames scales as
−1
τf ∼a−1
s ∼χst where as is the strain rate and χst is the scalar dissipation rate at the

stoichiometric condition. The chemical time scale τc is proportional to 1/χst,q [62],
where χst,q is the extinction scalar dissipation rate. The Da number can then be
deﬁned as Da = τf /τc = cDa χst,q /χst , where cDa is a model constant and is chosen to
be cDa = 1. The change of χst,q can be achieved by varying the relative concentration
of N2 to fuel in the boundary values while keeping the stoichiometric condition to
be the same [62]. In the tests, χst is speciﬁed to be always less than half of χst,q ,
so that no extinction occurs. The Re number scales as Re∼u2f τf /ν, where uf is
the characteristic velocity and ν is the kinematic viscosity. In the test, uf and τf are
ﬁxed and ν varies very slightly so that the Re number is approximately ﬁxed while Da
varies. When calculating ZHC deﬁned in equation (3) numerically, the discretization
size is 0.005 in the mixture fraction space.
The resultant ZHC against Da in the laminar diﬀusion ﬂames are shown in Figure
2.11. A multiple set of test cases are performed by varying χst (or the strain rate
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as ) which is ﬁxed for each set of test cases, i.e., Re is ﬁxed for each set of test cases.
Examining the same set of test cases, e.g., χst = 36.7s−1 (or as = 100s−1 ) shown
as the downward pointing triangles in Figure 2.11, it is readily observed that as Da
decreases, ZHC decreases, which is consistent with the C2 H4 DNS ﬂames shown in
Figure 2.9. This trend of decreasing DMD with decreasing Da can be explained by the
limiting behaviors of DMD in the laminar ﬂames. At a relatively small Da, extinction
is likely to occur, and at extinction, there is no DMD in the C2 H4 ﬂames in terms
of the transport of elemental C and H. When Da is inﬁnitely large, the chemistry is
inﬁnitely fast compared to the diﬀusion process, and hence the molecular diﬀusion
is the controlling process. It is thus obvious that the eﬀect of diﬀusion reaches its
maximum eﬀect when Da is inﬁnitely large in the present C2 H4 ﬂames, and so does the
eﬀect of DMD. Note, however, that the Da eﬀect observed is with respect to moderate
Reynolds number DNS ﬂames, and it remains to be seen whether, at suﬃciently high
Reynolds numbers, the Da eﬀect is diminished.
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Fig. 2.11. The scaling of ZHC against Da in the C2 H4 /O2 /N2 laminar
diﬀusion ﬂames computed from OPPDIF [64]. The solid lines are
linear ﬁts to the ﬂame results.
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For the same case of χst = 36.7s−1 (as = 100s−1 ), another important observation
from Figure 2.11 is that a clear scaling of ZHC ∼Da0.20 is observed. This scaling is
conﬁrmed by varying the strain rate (as or χst ) for each set of test cases, as shown in
Figure 2.11. With diﬀerent values of χst ranging from 0.3s−1 to 406s−1 (or the strain
rate ranging from 1s−1 to 103 s−1 ), a scaling of ZHC ∼Daa (with a a positive constant)
is strongly evident in all cases. The scaling exponent a is slightly diﬀerent in each
case with a diﬀerent value of χst and is in the range of (0.16 < a < 0.25). The value
of a is expected to be dependent on χst (or equivalently on the strain rate as ). The
results in Figure 2.11 suggest that when the rate of strain increases, the exponent a
decreases, for a strain rate that is not too small, e.g. as > 2s−1 or χst > 0.7s−1 .

2.3.3

Scaling analysis of diﬀerential molecular diﬀusion on Da in C2 H4
DNS ﬂames

The scaling of DMD in the steady laminar diﬀusion ﬂamelets in Section 2.3.2
provides insights into the eﬀect of Da on DMD. We now examine the same scaling in
the C2 H4 DNS ﬂames. The scaling of ZeHC against Da is explored in Figure 2.12. The
results in the ﬁgure show a similar scaling to that in the laminar ﬂames, ZeHC ∼Daa .
Such a scaling is evident at the early times, t/tj ≤30. For later times, it seems that
there is some deviation from this scaling. An explanation for this is that case 3
involves signiﬁcant extinction when t/tj ≥30 [62], and the scaling we observed is likely
not applicable to severe extinction. Another interesting observation that we can make
from Figure 2.12 is that as time increases, the exponent a in the scaling also increases.
It is noticed that when time increases in the C2 H4 DNS ﬂames, the characteristic rate
of strain, Uj /Lm , where Uj is the initial velocity diﬀerence of streams and Lm is the
width of the mixing layer, decreases since Lm increases in time. Therefore in the
DNS ﬂames, as the characteristic rate of strain decreases, the exponent a in the DNS
scaling increases. Apparently, this is consistent with the observations from the steady
laminar ﬂamelets in Section 2.3.2. This consistency provides support to the scaling
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observed in the DNS ﬂames. It is worthwhile to point out that although we concluded
that the DMD behaviors in the C2 H4 DNS ﬂames are non-ﬂamelet-like in Section 2.1,
the eﬀect of Da on DMD seems to behave similarly in the DNS ﬂames and in the
steady laminar ﬂamelets. This implies that the scaling we observed, Daa , is probably
valid in turbulent C2 H4 non-premixed ﬂames in a wide combustion regimes including
both ﬂamelet and non-ﬂamelet regimes.
00
against Da. A scaling
In Figure 2.13, we further examine the scaling of ZHC,rms
00
of ZHC,rms
∼Daa , with a a positive constant, can also be clearly observed from the

ﬁgure. At later times (t/tj ≥30), there is a slight deviation of the DNS results from
this scaling, which is also a possible consequence of ﬂame extinction for case 3 of the
C2 H4 DNS ﬂames. Meanwhile, the exponent factor a appears to increase with time
00
in the C2 H4 DNS ﬂames too for ZHC,rms
, similar to that for ZeHC .
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Fig. 2.12. The scaling of ZeHC against Da in the three C2 H4 DNS
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linear ﬁts to the DNS results.
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2.4

Power-law scaling analysis of diﬀerential molecular diﬀusion in DNS
ﬂames

2.4.1

Background

In previous sections, scaling analysis is performed for DMD with respect to global
Re and Da. While developing accurate models for DMD relies on an accurate understanding of the statistics of DMD. A critically important aspect of DMD and its
eﬀect in turbulent ﬂow problems is the scaling of the eﬀect of DMD with respect to
the Re number. Bilger [40] suggested that the mean of zHC , z̃HC where the tilde “∼”
denotes Favre averaging, and the root mean square (RMS) of zHC , zHC,RM S , both
following a simple power-law scaling as Re−1 in turbulent ﬂows. A diﬀerent scaling of zHC,RM S ∼Re−0.25 , however, was reported in [65, 67, 68], in non-reacting ﬂows.
The extensibility of this power-law scaling of zHC,RM S ∼Re−0.25 found in non-reacting
problems to reacting problems remains to be validated. In the previous section (Han
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et al. [69]), we attempted a scaling analysis of DMD in a series of Sandia CO/H2 DNS
ﬂames and found that the power-law scaling of zHC,RM S ranges between Re−0.04 to
Re−0.57 . There are also reports in the literature that do not support evident power-law
scaling of DMD in turbulent non-premixed ﬂames (e.g., [66] for H2 /CO ﬂames). This
section further examines the scaling of zHC,RM S in turbulent non-premixed ﬂames
with the goal to provide consistent results for the Re-scaling of DMD.
The Re-scaling of DMD is important for guiding the development of consistent
DMD models as well as for validating the consistency of existing models. The ﬂamelet
model with DMD by [70] is independent of Re, which results in signiﬁcant overprediction of DMD. [41] incorporated the Re dependence in the ﬂamelet model for treating
DMD, and obtained excellent agreement of the ﬂamelet predictions with the experimental measurements for the mean values of z̃HC . The model consistency for the
second moment of z, say zHC,RM S , has not been examined and it is not clear what is
the right scale for the model to reproduce.
We aim to gain a quantitative Re-scaling of DMD from the three CO/H2 DNS
ﬂames. Similar analysis has been reported, mostly in non-reacting problems. A
unique scaling of the mean z̃HC ∼Re−1 has been reported extensively (e.g., [40,65,69]).
The scaling of the RMS zHC,RM S has also been studied but diﬀerent scaling laws have
been reported, e.g., zHC,RM S ∼Re−1 [40] or zHC,RM S ∼Re−0.25 [65, 67, 68] based on
theoretical studies. The scaling of DMD has seldom been examined in real ﬂames. [69]
attempted the analysis and obtained a power-law scaling with the exponent varies
widely in the Sandia CO/H2 DNS ﬂames, and hence produced inconsistent results
with previous ﬁndings. It is not clear what is the cause of this inconsistency, and more
work is needed to reconcile the diﬀerent ﬁndings. This work serves as a signiﬁcant
extension of [69] with the goal to obtain more consistent and reliable scaling results
of DMD against Re in turbulent non-premixed ﬂames.
In previous sections [69], the scaling of DMD was examined based on z̃HC (x, t) and
zHC,RM S (x, t) against the bulk Reynolds number Re0 . There are two problems with
the analysis. First, in addition to the dependence on Re, z̃HC and zHC,RM S have other
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dependence such as on the local chemical compositions and scalar dissipation rate.
The additional dependence, which was not considered in [69], can potentially interfere
with the Re-scaling for zHC and zHC,RM S and results in inconsistent results. Second,
the Reynolds number used for the analysis in [69] is the bulk Reynolds number Re0 .
DMD is a small-scale local phenomenon, and using a bulk Re0 is unlikely a suitable
choice for revealing the true scaling that strongly depends on local turbulence level.
In this section, we seek a more rigorous analysis to isolate the dependence of DMD
on Re through conditioning in order to provide more reliable and consistent scaling
results.

2.4.2

Statistical analysis

In general, in turbulent non-premixed ﬂames, the statistics of zHC such as z̃HC
and zHC,RM S depends on many parameters such as the statistics of the chemical
compositions, Re number, Da number, and the Lewis number Le. In the Sandia
CO/H2 DNS ﬂames, the fuel and oxidizer are ﬁxed and hence the Le number is ﬁxed
among the three CO/H2 DNS ﬂames. The Da number among the diﬀerent ﬂames
is also ﬁxed by design [61]. By employing the steady ﬂamelet concept [24], i.e., the


chemical composition variables are approximately related to ξeC , ξC,RM S , χ
est where
χ
est is the mean scalar dissipation rate at the stoichiometric condition, we can readily
approximate z̃HC and zHC,RM S as


est , Re ,
z̃HC ≈ z̃HC ξeC , ξC,RM S , χ

(2.8)



(2.9)

zHC,RM S ≈ zHC,RM S


e
est , Re ,
ξC , ξC,RM S , χ

where Re is added to account for the dependence of DMD on it. In the following
analysis, we carefully examine the scaling of DMD by conditionally sampling the
statistics z̃HC (x, t) and zHC,RM S (x, t) in the three Sandia CO/H2 ﬂames with the
est , so that the sole dependence on Re can be better
same values of ξeC , ξC,RM S , and χ
revealed.
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The DNS data used for this analysis contain the time history of the computed
statistics (for about 250 sample time steps) by averaging in the span-wise direction z
and the streamwise direction x. The data are conditionally sampled into the following
groups: z̃HC |C or zHC,RM S |C with the condition C deﬁned as,
n
o
C(cm , cr , cχ ) = ξeC : ξeC ∈ [cm (1 − m ), cm (1 + m )]
o
\n
(2.10)
ξC,RM S : ξC,RM S ∈ [cr (1 − r ), cr (1 + r )]
n
o
\
χ
est : log(χ
est ) ∈ [cχ (1 − χ ), cχ (1 + χ )] ,
T
where “ ” denotes intersection, cm and m are used to deﬁne the conditioning interval
est . The ﬁnite sampling
for the mean ξeC , cr and r for ξC,RM S , and cχ and χ for χ
intervals are used in order to have enough data points under the condition. Ideally,
the interval needs to be as small as possible to ensure accurate sampling under a
particular condition, while it also needs to be big enough to have enough samples in
the interval. In this work m = 5 × 10−3 , r = 8 × 10−4 , and χ = 0.2 are used to
balance these two considerations.
A local Re number is needed to examine the DMD eﬀect as a local phenomenon.
Without using a local Re, [69] reported a scaling factor for zHC,RM S ranged from
when the bulk Reynolds number Re0 was used in the analysis. In
Re0−0.04 to Re−0.57
0
this work, we deﬁne a local turbulent Re number as follows for the scaling analysis
of DMD,
Re =

Dt
,
DM

(2.11)

where DM is a nominal molecular diﬀusivity of the mixture and is chosen to be equal to
the thermal diﬀusivity by assuming unity Lewis number, and Dt is the local turbulent
eddy diﬀusivity which can be estimated from the gradient-diﬀusion assumption [6] in
turbulent ﬂows from the DNS ﬂames,

Dt = −

g
e
vξ
C − ṽξC
,
rξeC

(2.12)

g
in which ṽ is the mean y-component velocity and vξ
C is the correlation of v and ξC .
By using the local Re number, we can obtain many data points with a range of Re
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corresponding to the three DNS ﬂames, while with the bulk Re0 only three points
from the three ﬂames can be obtained [69] for the Re-scaling analysis for DMD.

2.4.3

Results and discussions

The obtained results for z̃HC |C against Re are shown in Figure 2.14, for the various
conditions C (0.25 < cm < 0.45, 0.05 < cr < 0.06, 3.1 < cχ < 3.3). Clearly, we can
see that there is an overall trend of scaling Re−1 for the results of z̃HC |C , by comparing
the DNS results with the reference lines (dashed lines) but with evident deviation of
some results from the trend. This provides a weak support to the scaling of Re−1
for z̃HC obtained from theoretical studies [40, 65]. Overall a deterministic and unique
scaling for z̃HC is not seen in the Sandia DNS CO/H2 ﬂames.
The results for zHC,RM S |C against Re are shown in Figure 2.15 from the three
DNS ﬂames. Similarly, a weak power-law scaling of Re−0.25 is shown from the results
based on the overall comparison of the DNS results with the reference lines with slope
−0.25 in the log-log plot, which supports the power-law scaling discussed in [65,67,68]
in a weak sense. Deviation of some results from the scaling is also apparent.
The results in Figures 2.14 and 2.15 provide some evidence for the power-law
Re-scaling in the Sandia CO/H2 DNS ﬂames that is consistent with the literature
results [65, 67, 68] but also show some evident deviation. To understand the scaling
results more thoroughly, we next employ a statistical analysis of the scaling law for
z̃HC and zHC,RM S . We assume a scaling of Reκm for z̃HC and Reκr for zHC,RM S , and
write them as,
lnz̃HC |C ≈ Cm + κm lnRe,

(2.13)

lnzHC,RM S |C ≈ Cr + κr lnRe,

(2.14)

where Cm and Cr are parameters that are independent of Re, and κm and κr are the
exponents for the power-law DMD scaling analysis. Based on the results in Figures
2.14 and 2.15, we cannot ﬁnd universal constants for κm and κr in the DNS ﬂames.
Thus, instead of trying to seek constants (e.g., κm = −1 and κr = −0.25) for a
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Fig. 2.14. The conditional average z̃HC |C against Re in the three
CO/H2 DNS ﬂames. Red circles: Case L; Green squares: Case M;
Blue triangles: Case H; dashed lines: reference lines with slope -1 in
the log-log plot.
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unique scaling of DMD, we view κm and κr as random variables. We aim to gain an
understanding of the statistical distribution of κm and κr in the following analysis.
The sample values of κm and κr can be obtained from the DNS results shown in
Figures 2.14 and 2.15. From Figure 2.14, each pair of points on the plots can be used
to determine the values of Cm and κm by curving ﬁtting. We can use all diﬀerent pairs
of points in Figure 2.14 to collect the statistical sample values of κm . The statistical
samples of κr can be collected in a similar way.
The probability density functions (PDF) of κm and κr , fκm (ψm ) and fκr (ψr ), where
ψm and ψr are the sample space variables corresponding to the random variables κm
and κr , respectively, can then be approximated from the statistical samples of κm
and κr , respectively. Figure 2.16 shows the computed PDFs fκm (ψm ) and fκr (ψr ).
Both fκm (ψm ) and fκr (ψr ) show a Gaussian-look probability distribution. The PDF
fκm (ψm ) peaks at ψm ≈ −1, and fκr (ψr ) peaks at ψr ≈ −0.25. This provides, in a
statistical sense, a strong support to the DMD scaling z̃HC ∼ Re−1 and zHC,RM S ∼
Re−0.25 . These scaling can only be observed statistically, i.e., the probability of
ﬁnding these scaling exponents is the highest when compared with other values. The
statistical results of z̃HC ∼ Re−1 are consistent with the literature. The ﬁnding of
zHC,RM S ∼ Re−0.25 supports those in [65, 67, 68]. Other scaling results of zHC,RM S in
the literature such as zHC,RM S ∼ Re−1 [40] are not supported by the current ﬁndings.
In summary, we conduct a careful DMD scaling analysis in the Sandia CO/H2
DNS ﬂames. It is the ﬁrst time that plausible power-law Re-scaling in turbulent nonpremixed ﬂames is reported. It is more appropriate to interpret the DMD scaling with
respect to Re as a statistical result. These results support the theoretical ﬁndings
obtained in simple and non-reacting ﬂows. It can also explain why the DMD scaling
is not evident in previous studies [66, 69], if the analysis was not done statistically
with a suﬃcient number of samples. These results are expected to be signiﬁcant for
guiding future development and validation of physical models for DMD that can yield
the desired power-law Re-scaling [41].
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2.5

Summary
In this chapter, two previously generated DNS data sets are interrogated exten-

sively to extract qualitative and quantitative information about the eﬀect of DMD
in turbulent non-premixed ﬂames. The two DNS ﬂames are in the same geometry, a
temporally evolving planar jet ﬂame, and are performed with diﬀerent fuels, one with
CO/H2 and the other with C2 H4 . In the CO/H2 DNS ﬂames, there are three cases
with diﬀerent Reynolds number Re all with the same Da, and in the C2 H4 ﬂames,
there are also three cases but with ﬁxed Re and with diﬀerent Da. By exploring the
DNS ﬂames and comparing them with laminar diﬀusion ﬂamelets, we are able to understand the qualitative diﬀerence of the two DNS ﬂames, as well as the quantitative
scaling of DMD against Re and Da. The following major conclusions can be drawn
based on this study:
1. The DMD behaviors in the CO/H2 ﬂames are found to be ﬂamelet-like, i.e.,
they are similar to those in steady laminar diﬀusion ﬂamelets;
2. The DMD behaviors in the C2 H4 ﬂames are found to be ﬂamelet-like during the
early stage of the ﬂames (t/tj ≤10) and become non-ﬂamelet-like later;
3. In the CO/H2 ﬂames, it is found that the eﬀect of DMD decreases when Re
increases. An evident power law scaling is demonstrated for DMD in the CO/H2
ﬂames against Re;
4. In steady laminar diﬀusion ﬂamelets, the eﬀect of DMD increases when Da
increases. Such a dependence of DMD on Da is described by a power law with
excellent agreement;
5. The dependence of DMD on Da in the C2 H4 DNS ﬂames is found to be very
similar to the dependence found in laminar diﬀusion ﬂamelets, despite the fact
that the DMD behaviors in C2 H4 DNS ﬂames are non-ﬂamelet-like at later
times. This suggests that the scaling found is probably valid in turbulent C2 H4
non-premixed ﬂames even if they are not in the ﬂamelet regime.
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6. A statistical analysis of this dependence shows that the eﬀect of DMD on mean
quantities has the highest probability of scaling as Re−1 and the eﬀect of DMD
on RMS quantities has the highest probability of scaling as Re−0.25 . A unique
scaling, however, cannot be observed in the DNS ﬂames. These statistical scaling results are consistent with previous ﬁndings from theoretical analysis in
non-reacting problems, indicating negligible eﬀect of chemical reaction on the
scaling of DMD with respect to Re. This ﬁnding is important to guide future
model development and simulations to be consistent with physical scaling laws.
In summary, in this chapter, we interrogate the physics of DMD in turbulent
combustion to provide the physical insights for the advancement of models for DMD.
The dependences of DMD on the Re and Da is clearly demonstrated. A power-law
scaling is obtained for both the mean behaviors and turbulence ﬁeld with respect to
Re. In the following chapter, modeling requirement in the simulations in order to
reproduce the power-law scaling established in this chapter will be investigated.
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3. CONSISTENT MODELING OF DIFFERENTIAL
MOLECULAR DIFFUSION TO YIELD DESIRED
REYNOLDS-NUMBER POWER-LAW SCALING
In chapter 2, a power-law scaling with respect to Re is established for both the mean
behaviors and the turbulence ﬁeld of DMD in the turbulent combustion. A natural
question is how these power-law scalings can be correctly predicted in the simulations.
Thus, in this chapter, we are going to investigate this issue.

3.1

Introduction
In many ﬂuid ﬂow problems involving the transport of multiple components or

multiple scalars such as seawater ﬂows and chemically reactive ﬂows, molecular diﬀusion is a fundamental physics that governs the transport and mixing of diﬀerent scalars
at the molecular scale. The diﬀusion coeﬃcients of diﬀerent scalars are usually diﬀerent, which leads to the phenomenon of diﬀerential molecular diﬀusion (DMD) [41,71]
(or preferential molecular diﬀusion [72]).
The phenomenon of DMD has signiﬁcant importance on the understanding and
accurate modeling of the physics of scalar transport. The transport of scalar is affected by multi-scale turbulent eddies caused by the cascading of turbulence. The
diﬀerent eddies with diﬀerent length scales cause spatial and temporal ﬂuctuations
of scalars. At the smallest scale, these ﬂuctuations are dissipated by molecular diffusion. The diﬀerent dissipation rates of diﬀerent scalars due to DMD are crucial to
a full understanding of the physics of turbulent scalar transport and mixing. There
is a plenty of experimental and computational evidence to support the signiﬁcance
of DMD. [73] examined a turbulent hydrogen-air diﬀusion ﬂame experimentally and
numerically. By comparing the measurements and simulation results, they found that
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DMD aﬀects signiﬁcantly the transport of major species, especially on the fuel-rich
side. In a turbulent piloted jet ﬂames [51], the DMD eﬀect is shown to be obvious in the regions near the jet exit. [74] investigated DMD by considering turbulent
premixed bluﬀ-body CH4 /H2 ﬂames. They found that DMD causes a higher local
equivalence ratio in the recirculation zone compared to the reactant stream. Besides
the experiments, many direction numerical simulations (DNS) have been conducted
to demonstrate the importance of DMD. [54] conducted DNS simulations of hydrogen
ﬂames with and without DMD, and they observed a higher temperature prediction by
incorporating DMD. [56] analyzed the DNS results for a turbulent cross-ﬂow reacting
jet ﬂames and found that DMD plays an important role in preparing the mixture
favoring burning which helps stabilize the ﬂame. [75] performed DNS for turbulent
sooting ﬂames, and their results demonstrate that the total mass of soot precursors
is higher, which leads to a much higher total soot mass, when DMD is considered.
Despite the demonstrated importance of DMD, its modeling in many engineering
problems is usually highly simpliﬁed because of the diﬃculty of modeling DMD. The
fundamental diﬃculty arises from the fact that molecular diﬀusion is a small scale
process and it is generally diﬃcult to develop accurate models to incorporate the
eﬀect of DMD when the turbulence resolution scale imposed by turbulence models
and numerical resolution constraints is much larger than the molecular diﬀusion length
scale. In fact, many models in their original forms typically chose to neglect DMD or
completely neglect the eﬀect of molecular diﬀusion when considering the transport of
scalar moments or scalar probability density function (PDF), e.g., the steady ﬂamelet
model [24] and the transported PDF methods [33].
Eﬀorts start to emerge recently to attempt to incorporate the eﬀect of DMD into
models. [57, 58] derived the equations that incorporate the DMD eﬀect in the conditional moment closure (CMC) model and proposed a model based on the DNS data to
close the additional terms associated with the incorporation of DMD in CMC. Their
results showed that more accurate NO formation rates are predicted in the near ﬁeld
of a turbulent jet ﬂame. In the transported PDF methods [33], an approach to treat
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DMD was presented by [60], in which the molecular spatial transport of scalars was
modeled by a mean shift (MS) model in the particle composition space. [76] improved
the MS model by developing a variance consistent mean shift (VCMS) model to yield
fully consistent transport of scalar mean and variance through the particles. In the
ﬂamelet models [24], the laminar ﬂamelet equations with DMD were ﬁrst derived
by [70]. Unfortunately, incorporating their laminar ﬂamelet equations with DMD
in turbulent ﬂame simulations is not trivial and a straightforward incorporation can
lead to a signiﬁcant over-prediction of the DMD eﬀect [52]. Wang [41] argued that
this over-prediction is caused by the missing dependence of the DMD models on the
Reynolds number Re. Based on this argument, [41] conducted analysis of the limiting
behaviors of DMD and developed a class of DMD ﬂamelet models to correctly incorporate the turbulence eﬀect on DMD, called the linear diﬀerential diﬀusion (LDD)
model and nonlinear diﬀerential diﬀusion (NDD) model. These recent model developments represent the latest advancement to the existing models towards more accurate
modeling of fundamental physics in turbulence such as DMD. The work on the modeling of DMD, however, is still highly inadequate. The eﬀect of DMD is hard to model
because it is a small-scale behavior. Truly physics-based models are generally diﬃcult
to develop. Usually, we rely on phenomenological models to incorporate the eﬀect of
DMD in existing modeling frameworks. To develop a phenomenological model, we
generally need to develop a set of model constraints or requirements for the model to
be consistent with the physical observations. Currently, consistent model constraints
for DMD are generally lacking. In this work, we emphasize on a particular model
constraint for the DMD modeling, the Re-scaling of DMD, and examine the modeling
requirements in order to yield the desired scaling law from many existing studies.
There have been some substantial eﬀorts to support a power-law Re-scaling of
the eﬀect of DMD in multi-component turbulent ﬂows. One of the simplest ways
to quantify the eﬀect of DMD is perhaps the zαβ parameter [41, 69, 71], e.g., zHC =
ξH − ξC , the diﬀerence of the mixture fractions ξH and ξC in terms of the mass
fractions of elements hydrogen H and carbon C, respectively. [71] ﬁrst suggested that

45
the mean of zαβ , z̃αβ where the tilde “∼” denotes Favre averaging, and the root mean
square (RMS) of zαβ , zαβ,RM S , both follow a power-law scaling Re−1 in turbulence.
A second power-law scaling of zαβ,RM S ∼Re−0.25 was reported by [65, 67, 68], in nonreacting ﬂows, based on a more rigorous theoretical analysis. Han et al. [69] and Han
and Wang [77] conducted a careful analysis of the scaling of DMD in a series of DNS
ﬂames (the Sandia CO/H2 temporally evolving jet ﬂames) [61]. They concluded that
there is evidence to support the existing scaling of
zαβ ∼ Re−1 ,
zαβ,RM S ∼ Re−0.25 ,

(3.1)
(3.2)

but there is also some evident deviation from these scalings in these DNS ﬂames.
It is hypothesized that these scalings can be observed only statistically, and the
probability to observe these scalings is the highest. Based on the existing work, it
appears to have little evidence to support the scaling of zαβ,RM S ∼Re−1 by [71], and
there seems a unique Re-scaling for both non-reacting and reacting turbulence. This
power-law scaling can be suitably used as the model constraints for the development
of phenomenological DMD models. So far, none of the existing DMD models has
been thoroughly examined in terms of its consistency with the power-law scaling in
Eqs. (3.1) and (3.2). More importantly, the requirements for turbulence modeling in
order to yield the desired power-law scaling are also not well developed. In this work,
we aim to examine the modeling requirements for the turbulent transport modeling
of the scalar mean and variance in the Reynolds-averaged Navier-Stokes (RANS)
modeling context in order to yield consistency with the DMD power-law scaling. The
work is expected to be important to enable turbulent transport models consistent
with physical observations as well as to provide a theoretical basis for the future
development of fully consistent DMD models.
The rest of the chapter is organized as follows. Section 3.2 summarize the models for turbulence and scalar transport used in this work. Section 3.3 introduces
a turbulent mixing layer problem for the examination of DMD modeling. Section

46
3.4 examines the consistency of the DMD model for yielding the desired power-law
Re-scaling by using a perturbation analysis. Numerical simulations of DMD are conducted in Section 3.5 to further examine the model consistency requirements. The
conclusions are drawn in Section 3.6.

3.2

Consistent turbulent modeling of scalar transport
We aim to model the eﬀect of DMD by using the RANS simulations. A simple

turbulence model, the k − ε model [6], is employed in this study for describing the
turbulent transport. The governing equations for the ﬂow, turbulence and scalars are
generally written as,
∂ρ ∂ρũj
+
= 0,
(3.3)
∂t
∂xj


∂ρũi ∂ρũj ũi ∂
∂ũi
∂P
−
,
(3.4)
+
=
ρ(ν+νt )
∂xj
∂xj
∂xi
∂t
∂xj


∂ρk ∂ρũj k
∂
∂k
+2ρνt Sij Sij −ρε,
(3.5)
+
=ρ
ρ(ν+νt )
∂xj
∂xj
∂t
∂xj


∂ρε ∂ρũj ε ∂
∂ε
ε
ε2
+
=
ρ(ν+νt )
+2Cε1 ρνt Sij Sij −Cε2 ρ ,
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∂xj
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∂
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α Yβ
α Yβ
+
=
ρ
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+ 2Dt
−χ
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∂xj
2
∂xj
∂xj ∂xj
∂t
∂xj
(3.8)
where the overline “−” denotes the Reynolds averaging, “00 ” denotes ﬂuctuations,
ũi is the Favre mean velocity, ρ is the mean density, P is the mean pressure, k
is the turbulent kinetic energy, ε is the turbulent kinetic energy dissipation rate,
Sij = 1/2(∂uei /∂xj + ∂uej /∂xi ) is the mean strain rate tensor, Yeα is the mean mass
00 00
fraction for the α-th scalar, Yg
α Yβ is the covariance between the α-th scalar and β-th

scalar, ν is the mixture molecular viscosity, Dα is the molecular diﬀusivity of the α-th
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scalar, νt is the turbulent eddy viscosity, Dt is the turbulent eddy diﬀusivity, and χ
eαβ
is the cross scalar dissipation rate deﬁned as,
χ
eαβ = (Dα + Dβ )

00 ∂Y 00
∂Yαg
β
.
∂xj ∂xj

(3.9)

A summation rule is applied to the repeated indices in all the equations discussed
in this work except the scalar indices α and β. When α = β, the covariance Eq.
002
g
(3.8) reduces to the equation for the scalar variance Y
α . No reaction source term

is considered in the scalar equations in order to have a non-reacting system for a
focused study on the examination and modeling of DMD. It is expected that the
modeling requirements for yielding the desired DMD power-law scaling in the nonreacting system are applicable to reacting problems as well since the same power-law
Re-scaling has been reported in both non-reacting [65, 67] and reacting systems [77].
To close the governing equations, νt and Dt are modeled as νt =Cµ k 2 /ε and
Dt =νt /Sct by using the k − ε model [6], where Sct is the turbulent Schmidt number.
For the cross scalar dissipation rate, we write it as,
χ
eαβ =

00 00
Yg
α Yβ
,
ταβ

(3.10)

00 00
where ταβ is a mixing time scale for the covariance Yg
α Yβ . Conventionally, the mixing

time scale is modeled by assuming a constant ratio between the mixing time scale
and the turbulence integral time scale [6],
ταβ =

1 k
,
Cφ ε

(3.11)

where Cφ is a constant usually taken to be 2.0 [6]. In this model, the mixing time
scales for the diﬀerent scalars are equal, and we name it the equal mixing time scale
(EMTS) model. The EMTS model for the mixing time scales leads to an important
question which is whether it is able to yield the desired power-law Re-scaling in Eqs.
(3.1) and (3.2). For comparative studies, we employ another model for the mixing
time scale as follows,
ταβ =

i−1
1
1 kh
1+CRe− 2 f (Scαβ ) ,
Cφ ε

(3.12)
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in which Scαβ is an nominal molecular Schmidt number for the scalars α and β,
Scαβ = 2/(1/Scα + 1/Scβ ), [68] which implies that a nominal molecular diﬀusivity
for scalars α and β is Dαβ = (Dα + Dβ )/2. This mixing time scale model is adapted
from [65], [67], and [68]. The model constant C in the model is speciﬁed to be
C = 2, [68] and f is a function of the molecular Schmidt number Scαβ , [78]
⎧
1
⎪
⎨1 − Sc− 2 ,
if Scαβ ≤ 1
αβ
f (Scαβ ) =
.
⎪
⎩logScαβ ,
if Scαβ > 1

(3.13)

Evidently, this model allows diﬀerence of the mixing time scale for the diﬀerent scalars.
We name this model as the diﬀerential mixing time scale (DMTS) model.
We will examine the consistency of these two diﬀerent mixing time scale models
for yielding the power-law Re-scaling in Eqs. (3.1) and (3.2).

3.3

Turbulent mixing layer problem
A statically one-dimensional transient mixing layer (as shown in Figure 3.1) with

constant density [41] is employed as the test case to examine the models. The turbulence in the mixing layer is forced so that the turbulent kinetic energy k remains
constant k = 1 m2 /s2 . The kinematic viscosity ν is set to be 1.6 × 10−5 m2 /s so
that the turbulence is fully determined by the Re number. Other turbulence parameters can be obtained following [41], i.e., the turbulent kinetic energy dissipation rate
p
ε = 2k 2 /3νRe, the turbulence length scale l = 3/2kνRe, the turbulence time scale
τ = k/ε = 3νRe/(2k), and the turbulent viscosity νt = Cµ k 2 /ε =

3
C νRe.
2 µ

For

scalars in the mixing layer test case, the molecular diﬀusivity Dα and the turbulent
diﬀusivity Dt are determined by the molecular Schmidt number Scα and the turbulent Schmidt number Sct , respectively, i.e., Dα = ν/Scα and Dt = νt /Sct . Diﬀerent
scalars have diﬀerent Scα but with the same Sct = 0.7. The transient mixing layer is
conﬁned in a domain x ∈ [−L, L].
To simplify the analysis, Eqs. (3.7) and (3.8) are ﬁrstly non-dimensionalized.
With y = x/l and s = t/τ , we recast Eqs. (3.7) and (3.8) into the following for
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Fig. 3.1. Sketch of a statistically one-dimensional transient turbulent
mixing layer in homogeneous turbulence.
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the one-dimensional mixing layer test case which is unsteady and statistically onedimensional,


∂ξeα
1
3Cµ ∂ 2 ξeα
=
+
,
∂s
ReScα 2Sct ∂y 2




00 00
00 00
∂ξg
1
1
1
3Cµ ∂ 2 ξg
3Cµ ∂ξeα ∂ξeβ
α ξβ
α ξβ
=
+
+
+
−χ
bαβ ,
2Sct
∂y 2
Sct ∂y ∂y
∂s
2Re Scα Scβ

(3.14)

(3.15)

where ξα is the mixture fraction deﬁned based on the α-th scalar as ξα = (Yα − Yα,−L ) /(Yα,L −
00 00
Yα,−L ), Yα,±L are the boundary values of Yα , ξg
α ξβ is the mixture fraction covariance,

eαβ τξαβ is the dimensionless cross scalar dissipation rate. The equations
and χ
bαβ = χ
for mass, momentum and turbulence have been eliminated in the homogeneous turbulence mixing layer problem. The DMD eﬀect in the mixing layer test case can be quan
1/2
002
00
f
002
00
f
g
e
e
tiﬁed by using the z parameter as z̃αβ = ξα −ξβ and zαβ,RM S = ξ + ξ − 2ξ ξ
.
α

β

α β

In the following Sections 3.4 and 3.5, perturbation analysis and numerical simulations are performed to examine the Re scaling of DMD in the mixing layer problem
by using the two diﬀerent mixing time scale models, EMTS and DMTS.

3.4

Perturbation analysis of turbulent mixing layer
Perturbation analysis is performed on the model equations in Section 3.3 for the

mixing layer problem to examine the scaling of the eﬀect of DMD with respect to Re.
In Section 3.4.1, perturbation analysis is ﬁrst performed to examine the scaling of
z̃αβ , and then in Section 3.4.2 and Section 3.4.3, perturbation analysis is performed
to examine the scaling of zαβ,RM S with the EMTS model and DMTS model discussed
in Section 3.2, respectively.

3.4.1

Perturbation analysis for zeαβ

To perform perturbation analysis for z̃αβ , we rewrite Eq. (3.14) as
∂ξeα
3Cµ
∂ 2 ξeα
=
(1 + ϑα )
,
∂y 2
∂s
2Sct

(3.16)
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where ϑα = 2Sct /(3Cµ ReScα ). For a high Re, ϑα is much less than one, and hence
the solution to Eq. (3.16) can be viewed as a small perturbation to the solution of
Eq. (3.16) with ϑα = 0. We denote the solution to Eq. (3.16) with ϑα = 0 as
ξeα (y, s) = Gα,0 (y, s). An approximate solution to Eq. (3.16) can then be written as,
ξeα (y, s) =

+∞
X

ϑmp
α Gα,m (y, s),

(3.17)

m=0

where p is a key parameter to be determined for the scaling analysis, and Gα,m are
the coeﬃcients of the Taylor series that are independent of Re.
Substituting Eq. (3.17) into Eq. (3.16), we get,
+∞
X
m=0

∂Gα,m
ϑmp
=
α
∂s

+∞
X
3Cµ
∂ 2 Gα,m
ϑmp
(1+ϑα )
.
α
2Sct
∂y 2
m=0

(3.18)

By equating the coeﬃcients of the ϑmp
α terms on both sides, we can readily obtain
the governing equations for Gα,m (y, s) which can be used to determine the scaling
parameter p. It can be readily found that 1/p must be a positive integer to admit
solutions to Eq. (3.18). Otherwise, from Eq. (3.18), we can get the following two
contradicting equations, by equating the coeﬃcients of ϑmp
α terms with m = 0 and
m = 1 + 1/p,
3Cµ ∂ 2 Gα,0
∂Gα,0
=
,
(3.19)
∂s
2Sct ∂y 2
3Cµ ∂ 2 Gα,0
0=
.
(3.20)
2Sct ∂y 2
When 1/p is a positive integer, i.e., p = 1/N where N is a positive integer, by
collecting the ﬁrst N + 1 terms from Eq. (3.18) we can obtain Eq. (3.19) and the
following equations,
∂Gα,m
3Cµ ∂ 2 Gα,m
=
, (0 < m < N ) ,
(3.21)
∂s
2Sct ∂y 2


3Cµ ∂ 2 Gα,N
∂ 2 Gα,0
∂Gα,N
=
+
,
(3.22)
∂y 2
∂y 2
∂s
2Sct
Considering that the initial and boundary conditions for the mean mixture fraction
ξeα (y, s) are in general independent of Re and hence are independent of ϑα , we can
obtain the initial and boundary conditions for Gα,m in Eqs. (3.21) and (3.22) as,
Gα,m (y = ±L, s) = 0, Gα,m (y, s = 0) = 0, (0 < m ≤ N ) ,

(3.23)
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where ±L are the boundary locations of the mixing layer test case in Section 3.3.
With these initial and boundary conditions, a trivial solution to Eq. (3.21) can be
obtained as,
Gα,m (y, s) = 0, (0 < m < N ) .

(3.24)

The results in Eq. (3.24) can also be generalized to the conditions of iN < m <
(i + 1) N for any positive integer i. Consequently, the solution of ξeα in Eq. (3.17) is
reduced to,
ξeα =

+∞
X

ϑm
α Gα,mN (y, s).

(3.25)

m=0

Similarly, the solution of mixture fraction ξeβ (β =
6 α) can be obtained as,
ξeβ =

+∞
X

ϑm
β Gβ,mN (y, s).

(3.26)

m=0

The DMD parameter z̃αβ is then obtained as,
z̃αβ

= ξeα − ξeβ =

+∞
X
m=0

ϑm
α Gα,mN

(y, s) −

+∞
X

ϑm
β Gβ,mN (y, s).

(3.27)

m=0

Also, it is noted that Gα,m (y, s) ≡ Gβ,m (y, s) (for any m) since they have the same
governing equations in Eqs. (3.21) and (3.22) and boundary conditions in Eq. (3.23).
Thus z̃αβ can be estimated as, by using the deﬁnition for ϑα and ϑβ and by keeping
the leading order terms in Eq. (3.27),


2Sct
1
1
−
Gα,N (y, s).
z̃αβ ≈
3Cµ Re Scα Scβ

(3.28)

Since Gα,N (y, s) is independent on Re, z̃αβ is found to be inversely proportional to
Re, i.e., z̃αβ ∼ Re−1 . This result shows that the turbulence model outlined in Section
3.2 is capable of yielding the desired power-law Re-scaling for z̃αβ in Eq. (3.1). In the
following Sections 3.4.2 and 3.4.3, we continue to perform the perturbation analysis
for zαβ,RM S with the EMTS model in Eq. (3.11) and DMTS model in Eq. (3.12).
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3.4.2

Perturbation analysis for zαβ,RM S with equal mixing time scale model

To perform perturbation analysis for zαβ,RM S , we rewrite Eq. (3.15) as,
00 00
00 00
∂ξg
∂ 2 ξg
3Cµ
3Cµ ∂ ξeα ∂ ξeβ
α ξβ
α ξβ
=
(1 + ϑαβ )
+
−χ
bαβ ,
∂y 2
Sct ∂y ∂y
∂s
2Sct

(3.29)

where ϑαβ = Sct (Scα + Scβ )/(3Cµ ReScα Scβ ). For a high Re, ϑαβ is much less than
one, and hence the solution to Eq. (3.29) can be viewed as a small perturbation to
the solution of Eq. (3.29) with ϑαβ = 0. We denote the solution to Eq. (3.29) with
00 00
ϑαβ = 0 as ξg
α ξβ (y, s) = Fαβ,0 (y, s). An approximate solution to Eq. (3.29) can then

be written as,
00 00
ξg
α ξβ (y, s) =

+∞
X

ϑmq
αβ Fαβ,m (y, s),

(3.30)

m=0

where q is a parameter to be determined for the scaling analysis of zαβ,RM S , and Fαβ,m
are the coeﬃcients of the Taylor series. Substituting Eqs. (3.10), (3.25), (3.26), and
(3.30) into Eq. (3.29), we obtain,
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X
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ϑ
ϑ
−
τξαβ m=0 αβ
Sct m=0 α ∂y m=0 β ∂y

in which τξαβ can be modeled with either the EMTS model in Eq. (3.11) or the DMTS
model in Eq. (3.12) in Section 3.2. Following the same procedure as shown in Section
3.4.1, we can ﬁnd that 1/q must be a positive integer, i.e., q = 1/N where N is a
positive integer.
We ﬁrst consider the EMTS model for ταβ in Eq. (3.11) for the perturbation
analysis of zαβ,RM S . Equating the coeﬃcients of the ϑmq
αβ terms for the ﬁrst 2N + 1
terms in Eq. (3.31), we have,
3Cµ ∂ 2 Fαβ,0 3Cµ ∂Gα,0 ∂Gα,0
∂Fαβ,0
=
+
− Cφ Fαβ,0 ,
Sct ∂y
∂y
∂s
2Sct ∂y 2
∂Fαβ,m
3Cµ ∂ 2 Fαβ,m
=
− Cφ Fαβ,m , (0 < m < N or N < m < 2N ) ,
∂s
2Sct ∂y 2

(3.32)

(3.33)
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(3.35)
00 00
Considering that the initial and boundary conditions for the covariance ξg
α ξβ (y, s) are

in general independent of Re and hence are independent of ϑαβ , we can obtain the
initial and boundary conditions for Fα,m in Eqs. (3.33) to (3.35) as,
Fαβ,m (y = ±L, s) = 0, Fαβ,m (y, s = 0) = 0, (0 < m ≤ 2N ).

(3.36)

With these initial and boundary conditions, a trivial solution to Eq. (3.33) can be
obtained as,
Fαβ,m (y, s) = 0, (0 < m < N or N < m < 2N ).

(3.37)

This solution can be generalized to iN < m < (i + 1) N for any non-negative integer
00 00
i, by considering more terms in the above analysis. Consequently, the solution of ξg
α ξβ

in Eq. (3.30) reduces to,
00 00
ξg
α ξβ =

+∞
X

m
ϑαβ
Fαβ,mN (y, s).

(3.38)

m=0
002
By setting α = β in Eq. (3.38), we can obtain the solutions for the variance ξf
α
002
and ξf
as,
β

002
ξf
α =

+∞
X

ϑm
αα Fαα,mN (y, s),

(3.39)

ϑm
ββ Fββ,mN (y, s).

(3.40)

m=0
002
ξf
=
β

+∞
X
m=0

It is noted that the equations for Fαβ,0 (y, s), Fαα,0 (y, s) and Fββ,0 (y, s) are exactly
the same, and without losing generality, we can assume that they have the same
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initial and boundary conditions for the mixing layer test case in Section 3.3. As a
result, they have identical solutions,
Fαβ,0 (y, s) ≡ Fαα,0 (y, s) ≡ Fββ,0 (y, s).

(3.41)

We introduce a new quantity Hαβ (y, s) as,
Hαβ (y, s) = ϑαα Fαα,N (y, s) + ϑββ Fββ,N (y, s) − 2ϑαβ Fαβ,N (y, s) .

(3.42)

By combining the equations for Fαβ , Fαα , and Fββ in Eq. (3.34), we can obtain the
equation for Hαβ (y, s) as
∂Hαβ
3Cµ ∂ 2 Hαβ
=
− Cφ Hαβ ,
∂s
2Sct ∂y 2

(3.43)

From Eq. (3.36), we can obtain the initial and boundary conditions for Hαβ as
Hαβ (y = ±L, s) = 0, Hαβ (y, s = 0) = 0.

(3.44)

A trivial solution can then be obtained from Eqs. (3.43) and (3.44) as Hαβ = 0.
Consequently, the DMD parameter zαβ,rms can be approximated as, by combining
the results in Eqs. (3.38) to (3.40) and keeping the leading order terms,
2
002
f
002
00 00
g
zαβ,rms
= ξf
α + ξβ −2ξα ξβ

=

+∞
X

ϑm
αα Fαα,mN (y, s) +

m=0

+∞
X
m=0

m
ϑββ
Fββ,mN (y, s) − 2

+∞
X

m
ϑαβ
Fαβ,mN (y, s)

m=0

2
≈ ϑ2αα Fαα,2N (y, s) + ϑββ
Fββ,2N (y, s) − 2ϑ2αβ Fαβ,2N (y, s)

Sc2t
≈
9Cµ2 Re2

1
1
2(Scα + Scβ )2
Fαα,2N + 2 Fββ,2N −
Fαβ,2N
Sc2α
Scβ
Sc2α Scβ2

!
,
(3.45)

in which the aforementioned solution Hαβ = 0 has been used. This result shows that
2
2
−2
−1
zαβ,RM
S scales as zαβ,RM S ∼Re , and zαβ,RM S ∼Re . This scaling is obtained by

using the EMTS model in Eq. (3.11). Obviously, this scaling is inconsistent with Eq.
(3.2) obtained from previous theoretical studies [65, 67, 77], which indicates that the
EMTS model in Eq. (3.11) is incorrectly formulated for modeling DMD.
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3.4.3

Perturbation analysis for zαβ,RM S with diﬀerential mixing time scale
model

We next perform the perturbation analysis for zαβ,RM S with the DMTS model in
Eq. (3.12). When the DMTS model is used, following a similar procedure in Section
3.4.2, we can readily ﬁnd that if 1/q is not equal to N , where N is an even positive
integer, no solutions are permitted. Thus, 1/q must be an even positive integer in
Eq. (3.30).
By equating the coeﬃcients of ϑmq
αβ for the ﬁrst N terms in Eq. (3.31), we have
Eq. (3.32) and the following equations,
∂Fαβ,m
3Cµ ∂ 2 Fαβ,m
=
− Cφ Fαβ,m ,
∂s
2Sct ∂y 2
∂Fαβ, N
2

∂s



1
1
0 < m < N or N < m < N ,
2
2

2
3Cµ ∂ Fαβ, N2
=
− Cφ Fαβ, N − Cαβ f (Scef f ) Fαβ, N ,
2
2
2Sct ∂y 2

(3.46)

(3.47)

in which Cαβ = 3C φ CCµ Scα Scβ /(Sct (Scα + Scβ )).
By using the same arguments for obtaining the solution in Eq. (3.37) in Section
3.4.2, we can obtain a trivial solution to Eq. (3.46) as,


1
1
0 < m < N or N < m < N .
Fαβ,m = 0,
2
2

(3.48)

This solution can be generalized to iN/2 < m < (i + 1) N/2 for any non-negative
integer i, by considering more terms in the above analysis. Consequently, the solution
00 00
of ξg
α ξβ in Eq. (3.30) reduces to,

00 00
ξg
α ξβ =

+∞
X

m
2
ϑαβ
Fαβ, m2 N (y, s).

(3.49)

m=0
002
By letting α = β in Eq. (3.49), we can obtain the solutions for the variance ξf
α
002
and ξf
as,
β

002
ξf
α =

+∞
X

m
2
ϑαα
Fαα, m2 N (y, s),

(3.50)

m=0
002
ξf
=
β

+∞
X
m=0

m
2
ϑββ
Fββ, m2 N (y, s).

(3.51)
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The DMD parameter zαβ,RM S can then be obtained as, by combining the results in
Eqs. (3.49) to (3.51),
2
002
f
002
00 00
f
g
zαβ,RM
S = ξα + ξβ − 2ξα ξβ

=

+∞
X

m
2
ϑαα
Fαα, m2 N (y, s) +

m=0
1
2

+∞
X

m
2
ϑββ
Fββ, m2 N (y, s) − 2

m=0
1
2

+∞
X

m
2
ϑαβ
Fαβ, m2 N (y, s)

m=0
1
2

≈ ϑαα Fαα, N (y, s) + ϑββ Fββ, N (y, s) − 2ϑαβ Fαβ, N (y, s)
2
2
s
s2
!
Sct
1
1
Scα + Scβ
√
F N +p
=
Fββ, N −
2Fαβ, N .
2
2
Scα Scβ
3Cµ Re
Scα αα, 2
Scβ
(3.52)
2
2
−0.5
This shows that zαβ,RM
, and zαβ,RM S ∼Re−0.25 , which is
S scales as zαβ,RM S ∼Re

consistent with the theoretical result [65, 67, 68] in Eq. (3.2). This consistent scaling
is obtained by using the DMTS model in Eq. (3.12), indicating a need to properly
construct turbulence models for yielding the desired power-law Re-scaling of DMD.
The DMTS in Eq. (3.12) is such a model that meets this need, while the conventional
EMTS model in Eq. (3.11) does not.

3.5

Numerical simulations of turbulent mixing layer
Perturbation analysis has been performed in Section 3.4 to examine the scaling of

z̃αβ and zαβ,RM S with respect to Re with both the EMTS and DMTS models. In this
section, RANS simulations of the turbulent mixing layer test case are performed to
further examine the scaling results.
In the RANS simulations, a second order central diﬀerence scheme is used to
discretize the Eqs. (3.7) and (3.8) in space and a second order predictor-corrector
scheme is used for the temporal discretization. A number of 256 non-uniform grids are
used for the computational domain for the mixing layer based on a convergence study
to ensure the numerical error to be smaller than O(10−6 ). More details about the
numerical simulations can be found in [41]. Five scalars are considered in the numer-
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Fig. 3.2. Proﬁles of the predicted mean mixture fraction ξeα , variance
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α , covariance ξα ξβ , z̃αβ and zαβ,RM S with the diﬀerent values of Leα
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or the DMTS model.
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ical simulations, with the Lewis number Leα = [0.1, 0.5, 1.0, 2.0, 100]. The Prandtl
number P r is set to be P r = 1, and hence Scα = P rLeα = [0.1, 0.5, 1.0, 2.0, 100].
002
Figure 3.2 shows the proﬁles of the mean mixture fraction ξeα , variance ξf
α , covari00 00
ance ξg
α ξβ , z̃αβ and zαβ,RM S with the diﬀerent values of Lewis number in the mixing

layer with Re = 100 and with either the EMTS model or the DMTS model. In the
results, the scalar index β is β = 3 with Le3 = 1 and α varies from 1 to 5. From
the plot, it is observed that the time scale models (EMTS or DMTS) do not aﬀect
the results for the mean mixture fraction ξeα and the mean DMD z̃αβ , expectedly. For
the variance and covariance, clear diﬀerence can be observed between the diﬀerent
model results with such diﬀerence being most obvious for large deviations of Lewis
number from Le = 1 (e.g. Le = 0.1). As a result, the predictions zαβ,RM S by using
the diﬀerent mixing time scale models (EMTS or DMTS) are very diﬀerent from each
other, as shown in Figure 3.2.
To examine the prediction of the Re scaling of DMD (in terms of z̃αβ and zαβ,RM S ),
RANS simulations are performed with a wide range of diﬀerent Re ∈ [102 , 106 ]. The
peak values of the predicted z̃αβ and zαβ,RM S by using EMTS or DMTS are plotted
against Re in Figure 3.3. From the ﬁgure, we can see that with both the EMTS
model and the DMTS model, the scaling of z̃αβ ∼ Re−1 is correctly captured, while
for zαβ,RM S , the EMTS model predicts zαβ,RM S ∼Re−1 and DMTS model predicts
zαβ,RM S ∼Re−0.25 . These results are consistent with the perturbation analysis results
in Section 3.4. The results further conﬁrm the necessity of developing proper mixing
time scale models for yielding the desired power-law Re-scaling of DMD, and the
DMTS model in Eq. (3.12) is one of these models that are capable of yielding such a
scaling consistently.

3.6

Conclusions
A fundamental physical phenomenon, DMD, is studied in this work, and the focus

is put on model constraints for the development of phenomenological models for DMD.
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An existing power-law Re-scaling of DMD is adopted as the model constraints for the
model assessment. A turbulent mixing layer test case is considered. Perturbation
analysis is carefully conducted to examine the consistency of diﬀerent models for
yielding the desired power-law Re-scaling of DMD. It is found that an equal mixing
time scale model is unable to yield the desired scaling, while a diﬀerential mixing time
scale is found to be able to yield such a scaling consistently. This ﬁnding is important
to guide the future model development and simulations to be fully consistent with
theoretical results and physical observations. Numerical simulations of the mixing
layer test case are also conducted to further demonstrate the model requirements in
order to yield the desired power-law Re-scaling.
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4. FLAMELET MODELS FOR TURBULENT
COMBUSTION
In the Chapter 2, we focus on the physics of DMD behaviors in turbulent nonpremixed ﬂames. Particularly, a pow-law scaling is obtained for the DMD eﬀects
with respect to Re. In the Chapter 3, the modeling requirement for predicting the
correct power-law scaling is investigated. In the rest of this thesis, we are going to
focus on the ﬂamelet modeling of DMD in turbulent non-premixed ﬂames. In this
chapter, a brief review of ﬂamelet models is presented. It is noted that equal diffusion for all the species and unity Lewis numbers are assumed in all these ﬂamelet
models. In the Chapter 5, diﬀerent table integration approaches, a particular aspect
of ﬂamelet modeling, are examined ﬁrst in order to build a solid foundation for the
ﬂamelet modeling of DMD in the Chapter 6.

4.1

Fundamentals of ﬂamelet models
Flamelet models and their extensions, such as SFM [24], FPV [28], ﬂamelet

generated manifolds (FGM) [79], ﬂame prolongation of ILDM (FPI) [80], unsteady
FPV [32], ADF-PCMχ [81], are a group of turbulent combustion models and widely
used in recent years. The general practice of ﬂamelet model is to tabulate the thermochemistry quantities before the actual turbulent combustion calculation so that the
chemistry and ﬂow ﬁelds are decoupled which can reduce the computational cost by
orders. Physically, ﬂamelet models assume chemical reactions occur in a very thin
layer and the turbulence has negligible eﬀects on the inner structures of the reaction zone. The turbulent ﬂames can therefore be viewed as an ensemble of laminar
ﬂamelets. Flamelet models have been widely used in modeling turbulent burning
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ﬂames [82, 83] and have shown capability in predicting auto-ignition process [32, 84]
and local extinction and re-ignition phenomenon [31, 85].
Due to the high non-linearity of the chemical reaction, turbulent reaction closure
serves a very critical role in turbulent combustion modeling. In ﬂamelet models,
unfortunately, due to the lack of enough knowledge to provide a precise closure, simpliﬁcation and assumptions are often needed to facilitate the coupling procedure with
ﬂow ﬁeld solver. The common practice is to integrate the table in the low dimensional
space of several reduced scalars to construct the ﬁnal turbulent ﬂamelet table with
presumed PDF. However, there are non-unique ways to integrate the ﬂamelets. This
issue will discussed in chapter 3. In this chapter, two popular ﬂamelet models, the
SFM model and FPV model, are discussed which will be employed in this work.

4.2

Steady ﬂamelet model
In the SFM, with the equal diﬀusion and unity Lewis numbers assumption, a

stretched laminar non-premixed ﬂame is governed by the following equations,
N

0=

N

ρχ X ∂Yk ∂T cp,k
ρχ ∂ 2 T X ω̇k hk ρχ 1 ∂cp ∂T
−
+
+
,
c
2
c
2
∂ξ
∂ξ
c
2 ∂ξ 2
p
p ∂ξ ∂ξ
p
k=1
k=1
ρχ ∂ 2 Yk
0=
+ ω̇k ,
2 ∂ξ 2

(4.1)
(4.2)

where ρ is density, ξ mixture fraction, χ mixture fraction dissipation rate, T temperature, N number of species, ω̇k rate of chemical reaction for species k, hk enthalpy,
cp speciﬁc heat of the mixture, cp,k speciﬁc heat of species k, and Yk species mass
fraction. Steady state is assumed in the equations. With a model for χ [24], that is
based on constant property potential ﬂow in opposed jet,

χ(ξ) = χst

exp[−2(erfc−1 (2ξ))2 ]
,
exp[−2(erfc−1 (2ξst ))2 ]

(4.3)

we can solve the ﬂamelet equations in (4.1) and (4.2) to obtain the steady ﬂamelet
solutions φ(ξ, χst ). In the SFM, the range of χst is typically chosen to be between 0 and
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χq , where χq is the value of χst at the extinction limit, and the ﬂamelet solutions on the
stable burning branch of the S-curve are considered. By introducing a presumed PDF
for the joint distribution of ξ and χst , we can integrate the steady ﬂamelet solutions
002 , χ̃ ) that can be readily used for turbulent ﬂame
˜ ξf
to obtain the ﬂamelet table φ̃(ξ,
st

simulations,
002 , χ̃ ) =
˜ ξf
φ̃(ξ,
st

ZZ

φ(η, θ)f˜ξ,χst (η, θ)dηdθ,

(4.4)

where “∼” means Favre averaging, η and θ are the phase space variables corresponding
to the random variables ξ and χst , respectively, and f˜ξ,χst (η, θ) is the joint PDF of ξ
and χst . Typically statistical independence is assumed between ξ and χst , and β-PDF
is used for mixture fraction and log-normal PDF or δ-PDF is used for χst .

4.3

Flamelet/progress variable approach
The FPV model [28] is based on the SFM [24]. The FPV model diﬀers from the

SFM mainly in two aspects. First, the steady state ﬂamelet solutions from the whole
S-curve is considered, including the unstable burning branch on the S-curve [28]. The
resulted ﬂamelet solutions can be expressed as φ(ξ, I) with I being a ﬂamelet index
to identify each ﬂamelet. It is noted that, in the FPV model, the ﬂamelet cannot be
uniquely identiﬁed by χst any more as in the SFM. Second, a progress variable C is
introduced as the second independent variable for describing the ﬂamelet as φ(ξ, C).
In this work, we choose to use the mass fractions of CO and CO2 to deﬁne C,
C = YCO + YCO2 ,

(4.5)

although there are many other deﬁnitions that can be used [28, 30, 86]. With a
002 , C
˜ ξf
e). However, diﬀerent
presumed PDF, a ﬂamelet table can be constructed as φ̃(ξ,

ﬂamelet tables can be generated even given the same set of laminar ﬂamelet solutions,
which is the issue that we focus on in the Chapter 5.
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4.4

Summary
Flamelet models, which are widely used in modeling turbulent combustion, are

brieﬂy reviewed in this chapter. However, in ﬂamelet models, like other turbulent
combustion models, equal diﬀusion and unity Lewis numbers assumption is often
employed. Due to the physical signiﬁcance of molecular diﬀusion, DMD will be incorporated in the ﬂamelet models which will be discussed in the Chapter 6. Before
incorporation of DMD, a solid ﬂamelet framework is established in the Chapter 5 by
the examination of diﬀerent ﬂamelet integration approaches.
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5. FLAMELET TABLE INTEGRATION APPROACHES1
5.1

Introduction
The ﬂamelet concept [24] has been used widely in turbulent combustion model-

ing, including modeling of both turbulent premixed [79, 80] and non-premixed ﬂames
[28–31, 83]. The basic idea of ﬂamelet models is to parameterize laminar ﬂames as
a low dimension manifold, and to use an ensemble average of this parameterization
with a presumed PDF to approximate the statistics of turbulent ﬂames. The ensemble average can be computed by integrating the ﬂamelet parameterization with a
presumed PDF, and the integration typically results in a pre-computed ﬂamelet table
that can be used conveniently in later computational modeling of turbulent ﬂames.
There exist diﬀerent ﬂamelet models, and expectedly, the ﬂamelet tables resulted
from diﬀerent ﬂamelet models are diﬀerent. For the same ﬂamelet model, however, it
is a desired property to have a unique ﬂamelet table that corresponds to the model or
at least to have uniquely deﬁned approaches for generating diﬀerent tables if diﬀerent
approaches exist. Unfortunately this is not the case for many existing ﬂamelet models, and diﬀerent ﬂamelet table integration approaches do exist to produce diﬀerent
tables for the same ﬂamelet models. These diﬀerent approaches are scattered in the
literature, and no systematic work has been done before to examine the diﬀerent approaches. Such an issue is somehow overlooked in the literature and it is imperative
to study the diﬀerent table integration approaches for the same ﬂamelet model and
to examine their eﬀect on the modeling of turbulent ﬂames.
1

THIS CHAPTER IS PUBLISHED IN “C. HAN, H. WANG. A COMPARISON OF DIFFERENT
APPROACHES TO INTEGRATE FLAMELET TABLES WITH PRESUMED-SHAPE PDF IN
FLAMELET MODELS FOR TURBULENT FLAMES. COMBUSTION THEORY AND MODELING, 2017, 21: 603-629.”
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We take a popular ﬂamelet model, the ﬂamelet/progress variable model (FPV)
[28], as the baseline model to illustrate the issue and to examine the diﬀerent table integration approaches, although it is expected that the raised issue exists in
many other ﬂamelet models. The FPV model has been widely used in many studies,
e.g., [28–31, 87, 88]. In the model, the laminar ﬂamelet solutions, including both the
stable and unstable burning branches on the S-curve, are generated and are used to
produce the ﬁnal ﬂamelet table that is parameterized by the mean and variance of
the mixture fraction and the mean progress variable. There exist diﬀerent approaches
that can be used to generate this ﬂamelet table, even from exactly the same set of
laminar ﬂamelet solutions. For example, one approach is to integrate, in the mixture
fraction space, along each laminar ﬂamelet solution, and then map the results into
the ﬁnal ﬂamelet table with the mean and variance of the mixture fraction and the
mean progress variable as the tabulation parameters (or the ﬂamelet independent
variables). An important feature of this approach is that it preserves the laminar
ﬂamelet structures during the integration. This approach is used widely in previous
work, e.g. [28–31,87,88]. The second approach is to parameterize the laminar ﬂamelet
solutions with the mixture fraction and the progress variable as the independent variables (before any integration), and then to integrate them with a presumed PDF
to produce the ﬁnal table. In contrast to the ﬁrst approach mentioned above, this
approach does not preserve the laminar ﬂamelet structures. This approach has also
been used before, e.g. [89, 90]. There are more approaches that can be considered
to integrate the laminar ﬂamelet solutions to produce the diﬀerent ﬂamelet tables.
With the above two examples, it is evident that the issue exists for the FPV model
and non-unique ﬂamelet tables can be constructed for the model. This raises several
important questions. What is the fundamental diﬀerence among the diﬀerent integration approaches? Is there any advantage to preserve the laminar ﬂamelet structures
during the ﬂamelet table integration? How diﬀerent do they perform in the simulations of turbulent ﬂames? Is there an approach that is superior to the others for
turbulent ﬂame modeling?
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This section aims to answer the above questions by examining the diﬀerence of the
diﬀerent table integration approaches and by comparing their predictions in a series
of carefully designed test cases. Although the issue appears to be signiﬁcant, there
is very little previous work to address it. Olbricht et al. [91] compared two diﬀerent
table integration approaches in the so-called premixed ﬂamelet generated manifolds
model, by making two diﬀerent assumptions, the statistical independence between the
mixture fraction and the progress variable and the statistical independence between
the mixture fraction and a normalized progress variable. They observed some small
diﬀerence of the results with the two approaches in a non-premixed bluﬀ-body stabilized swirled methane-air ﬂame. More systematic study is needed in order to provide
a thorough understanding of the fundamental diﬀerence of the diﬀerent approaches
and to show quantitative comparison between them.
The rest of the section is organized as follows. Section 3.2 brieﬂy reviews the
ﬂamelet model and describes the diﬀerent table integration approaches examined in
this work. Section 3.3 discusses the partially stirred reactor (PaSR) [92, 93] test case
that is used for examining the diﬀerent approaches. The modeling approaches are
discussed and the transported PDF method is validated in Section 3.3 for serving
as a reference case for the assessment of the diﬀerent table integration approaches.
Section 3.4 compares in detail the eﬀect of the diﬀerent ﬂamelet table integration
approaches on the PaSR simulations. Finally the conclusions are drawn in Section
3.5.

5.2

Flamelet table integration approaches
We choose the FPV model [28] as the baseline model for the discussion of the

diﬀerent table integration approaches. It is worthwhile to mention again that the
issue is not particularly pertaining to the FPV model only and the discussions can be
extended straightforwardly to other ﬂamelet models. In the following, we introduce
the diﬀerent ﬂamelet table integration approaches that are examined in this work.
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The characteristics and the fundamental diﬀerence of the diﬀerent approaches are
discussed in detail.
A presumed PDF is an essential ingredient of ﬂamelet models, and is employed to
integrate the laminar ﬂamelet solutions to produce the statistical averages that can
be used to approximate the statistics in turbulent ﬂames. For the FPV model, a joint
PDF of the mixture fraction and the progress variable (or the variants of these random
variables) is presumed. The statistical independence of the two random variables is
usually assumed. The actual integration can be done in diﬀerent ways depending
on the sequence of the integration and on what variables are used as the integration
variables. In the following, three typical integration approaches are discussed.

ω̇C [s−1 ]

C

0.15
0.1

(a)

1000
500
0

Method 1
0.15

(b)

0.1

0.05

0.05
flamelet

0
0

0.5

Method 2
0.15

1

(c)

0
0

Method 3
0.15
0.1

0.05

0.05

C

0.1

0
0

0.5

ξ

1

0.5

0
0

0.5

1

(d)

1

ξ

Fig. 5.1. Illustration of the laminar ﬂamelet solutions in the mixture
fraction ξ and progress variable C space, (a) contours of the reaction
rate of the progress variable ω̇C ; (b) the table integration path in
Method 1; (c) the table integration path in Method 2; (d) the table
integration path in Method 3. The blue dashed line is the edge of the
region covered by all the laminar ﬂamelet solutions.
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5.2.1

Method 1: ﬂamelet preserving integration

In Method 1, the integration based on the presumed PDF is done in the mixture
fraction ξ space ﬁrst, along each ﬂamelet that can be identiﬁed by a ﬂamelet index
002 , I). During the integration, the laminar
˜ ξf
I, to obtain the integrated results φ̃(ξ,

ﬂamelet structures are preserved by directly integrating each laminar ﬂamelet solution
002 , I) are then converted
˜ ξf
in the mixture fraction space. The integrated results φ̃(ξ,
002 , C) based on an approximate mapping C = C(I) given a pair of (ξ,
002 ).
˜ ξf
˜ ξf
to φ̃(ξ,

The integration path with respect to the mixture fraction in Method 1 is illustrated
in ﬁgure 5.1 (b) as the solid lines, corresponding to each laminar ﬂamelet. Retaining
the ﬂamelet structures in the table integration is an important feature of Method 1
that is missing in all the other methods discussed below. Method 1 has been used in
many previous FPV practice, e.g. [28–31].

5.2.2

Method 2: integration based on ﬂamelet mapping and normalized
progress variable

Unlike Method 1, a diﬀerent approach to generate the ﬂamelet table is to rearrange the laminar ﬂamelet solutions ﬁrst before the table integration, i.e., converting
the laminar ﬂamelet solutions expressed as φ(ξ, I) to φ(ξ, C) based on an approximate
mapping C = C(I) for a ﬁxed value of ξ. It is noted that such a mapping results in
the loss of information, particularly the loss of the one dimensional laminar ﬂamelet
structure. On individual ﬂamelet expressed as φ(ξ, I), each ﬂamelet can be identiﬁed
from the ﬂamelet index I, and the curve C = C(ξ) from each ﬂamelet forms a
one-dimensional manifold in the (ξ, C) two dimensional space. Once the ﬂamelet
solutions are mapped to φ(ξ, C), the ﬂamelet structures are lost, i.e., the above one
dimensional manifold can not be recovered anymore after the mapping. This is a
signiﬁcant diﬀerence of this method from Method 1.
The mapping also creates a problem for the presumed PDF integration. The
mapped laminar ﬂamelet solutions cover an irregular domain shown as the dashed
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lines in ﬁgure 1 which makes the presumed PDF integration diﬃcult. Typically a
normalized variable is introduced to transform the irregular domain into a rectangular
domain for easy integration. The new methods below, Method 2 and Method 3, are
based on the above mapped laminar ﬂamelet solutions φ(ξ, C) and are only diﬀerent
in the ways how the normalization is done.
In the (ξ, C) space, for a given value of ξ, C varies between 0 and Cmax , where
Cmax is the maximum value of C and is in general a function of ξ, Cmax (ξ). In Method
2, the progress variable C is normalized by Cmax (ξ),

c=

C
Cmax (ξ)

,

(5.1)

where c is the newly introduced normalized progress variable. In the (ξ, c) space, the
laminar ﬂamelet solutions cover a simple rectangular domain ξ ∈ [0, 1] and c ∈ [0, 1].
A joint PDF is then assumed for ξ and c. In Method 2, we use the β-PDF for ξ and
the δ-PDF for c, and assume the statistical independence between the two random
variables ξ and c. (It is worthwhile to point out that, after the assumed statistical
independence between ξ and c, the random variables ξ and C are not statistically
independent.) The ﬂamelet table integration can then be performed as follows,
002 , c̃) =
˜ ξf
φ̃(ξ,

ZZ

φ(η, ζ)f˜ξ,c (η, ζ)dηdζ,

(5.2)

where ζ is the sample space variable of c, and f˜ξ,c (η, ζ) is the presumed joint PDF of
ξ and c. The integration path with respect to the mixture fraction ξ in Method 2 is
illustrated in ﬁgure 5.1 (c) as solid lines, corresponding to constant values of c.
Method 2 has been used in several previous work [89, 90, 94] in the context of
the FPV model. It has also been used in other ﬂamelet models such as the ﬂamelet
generated manifold (FGM) method [95,96]. Although the FPV model with Method 2
starts with the laminar ﬂamelet solutions, the ﬂamelet structures are somewhat lost
during the table integration when the mapping is used before any integration.
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With the above Method 2, a consistency issue can be potentially created. Equation
(4.5) is a simple deﬁnition for the progress variable deﬁned for the instantaneous
values. It must also hold for the statistical averages in turbulence problems, i.e.,

e = YeCO + YeCO2 .
C

(5.3)

It can be readily veriﬁed that equation (5.3) holds only if the following relation is
e,
used to relate c̃ and C

c̃ = R 1
0

5.2.3

e
C
Cmax (η)fξ (η)dη

.

(5.4)

Method 3: integration based on ﬂamelet mapping and normalized
mixture fraction

Method 3 uses the same strategy as in Method 2 to integrate the ﬂamelet table.
The mixture fraction ξ is normalized, instead of the progress variable in Method 2,
to transform the irregular integration domain into a rectangular domain. For a given
value of C, the realizable region in the mixture fraction space may not cover the whole
domain [0, 1] and may range from ξmin (C) to ξmax (C), with 0 ≤ ξmin ≤ ξmax ≤ 1. A
normalized mixture fraction, ϕ, is introduced to replace ξ,

ϕ=

ξ − ξmin (C)
,
ξmax (C) − ξmin (C)

(5.5)

such that ϕ ∈ [0, 1]. The laminar ﬂamelet solutions φ(ξ, C) can be converted to
φ(ϕ, C). We again assume the β-PDF for ϕ and the δ-PDF for C and the statistical
independence between ϕ and C. We then integrate the ﬂamelet table as

002 , C
e) =
φ̃(ϕ̃, ϕf

ZZ

φ(ω, ϑ)f˜ϕ,C (ω, ϑ)dωdϑ,

(5.6)

where f˜ϕ,C (ω, ϑ) is the joint PDF of ϕ and C, and ω and ϑ are the sample space
variables of ϕ and C, respectively. The integration path with respect to the mixture
fraction ξ in Method 3 is illustrated in ﬁgure 5.1 (d) as solid lines. In Method 3, it is
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also obvious that ξ and C are not statistically independent. Like Method 2, Method
3 also does not preserve the laminar ﬂamelet structures during the integration.
To our best knowledge, Method 3 has not been used in any previous work. Olbricht
[91] considered an approach by directly assuming the statistical independency between
ξ and C and compared it with Method 2. They found no signiﬁcant diﬀerence between
the two approaches. In this work, we examine all the described approaches above to
provide a more thorough understanding of the fundamental diﬀerence of the diﬀerent
table integration approaches. There are possibly more methods that are available for
the integration of the ﬂamelet table in the FPV model in addition to the above three
approaches. In this work, we focus on only the above three approaches since they are
expected to be the most common ones.
All table integration approaches can probably be divided into two categories: one
preserving the laminar ﬂamelet structures during the integration and the other not.
Method 1 belongs to the ﬁrst category, and all the other approaches discussed above
belong to the second category. The ﬂamelet preserving property will be examined in
detail in this work to assess its eﬀect on the model accuracy. A quick comparison
among the diﬀerent ﬂamelet table integration approaches reveals that the major difference of the diﬀerent approaches is essentially the shape of the presumed joint PDF
of the mixture fraction ξ and the progress variable C, when the same set of laminar
ﬂamelet solutions are used for the table integration. This diﬀerence will be carefully
examined in this work.

5.2.4

Strategies for model comparison and validation

The three approaches for the ﬂamelet table integration illustrated in ﬁgure 5.1
are apparently quite diﬀerent. An interesting question to ask is what is the eﬀect of
the diﬀerence on the model performance. To compare the performance of the FPV
model with the diﬀerent integration approaches, two modeling aspects need careful
examination. The ﬁrst aspect is the model accuracy of predicting the ﬂamelet in-
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dependent variables in a ﬂow solver, the mean and variance of the mixture fraction
˜ ξe002 ) and the mean progress variable C
e. The mixture fraction is a conserved scalar
(ξ,
and is only weakly dependent on the ﬂamelet tables through the transport properties
and density, while the progress variable signiﬁcantly depends on the tables because
the reaction rate source term for the progress variable comes directly from the table.
What is the eﬀect of the diﬀerent ﬂamelet tables on the solutions of the ﬂamelet independent variables is an important aspect of the model validation. The second aspect
is the accuracy of the ﬂamelet tables to represent the thermochemical properties given
the ﬂamelet independent variables. In another words, given precise solutions of the
e what is the error involved in the comﬂamelet independent variables, ξ˜, ξe002 and C,
position ﬁelds obtained from the tables? This represents the model accuracy of the
ﬂamelet tables which is closely related to how the tables are integrated. Examining
these two errors and their interactions is needed to provide a thorough understanding
of the diﬀerent table integration approaches.
In order to eﬀectively examine the models and isolate the two errors associated
with the above two aspects, we carefully design a series of test cases and conduct
the model comparison and validation in the following Sections 3.3 and 3.4. The test
cases are based on the PaSR [92,93] in which we examine thoroughly the eﬀect of the
diﬀerent table integration approaches on the ﬂamelet independent variables as well
as examine the accuracy of the models in representing the composition ﬁelds given
e directly.
the pre-determined values of ξ˜, ξe002 and C

5.3

Partially stirred reactor test cases

5.3.1

Modeling approaches

A PaSR [92, 93] is employed as a test case to examine the FPV model with the
diﬀerent ﬂamelet table integration approaches discussed in Section 3.2. The PaSR
test case is ideal for the current model examination because it eﬀectively isolates
the eﬀect of the ﬂamelet table on combustion from the detailed transport processes
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so that such eﬀect can be directly examined. In an actual ﬂame simulation with
computational ﬂuid dynamics, the calculation inside each grid cell can be viewed as
a single PaSR. Thus, despite the simplicity, the PaSR test case is closely connected
to realistic ﬂame simulations.
The PaSR has two inlets, the fuel inlet with the mass ﬂow rate mf and the
oxidizer inlet mo . Given the compositions of the inlets and assuming steady state, we
can characterize the combustion inside PaSR by only three parameters, a parameter
to describe the fuel/oxidizer ratio P = mo /(mf + mo ), a ﬂow residence time scale τr ,
and a mixing time scale τm . We are mainly concerned with the FPV model, so it is
adequate to consider only two scalars, ξ and C, to fully describe the thermochemical
state of the PaSR, with additional input from the laminar ﬂamelet solutions φ(ξ, C).
The joint PDF of ξ and C is f˜ξ,C (η, ϑ), and the joint PDF transport equation can be
readily obtained as [33, 92],

∂f˜
f˜ 1
∂ ˜
∂2
= − + [P δ(Ψ−Φo )+(1−P )δ(Ψ−Φf )]−
[f ω̇m ]−
[f˜hDrΦm ·rΦn |Ψi],
∂Ψm
∂Ψm ∂Ψn
∂t
τr τr
(5.7)
where δ is the Dirac delta function, Ψ is the sample space vector Ψ = [Ψ1 , Ψ2 ]T =
[η, ϑ]T , Φ is the vector Φ = [ξ, C]T , Φf and Φo are the boundary composition vectors
of the fuel and oxidizer, ω̇ is the chemical source term vector ω̇ = [ω̇ξ , ω̇C ]T , D is the
molecular diﬀusivity that is assumed to be equal for both scalars, and the repeated
indices imply the summation rule. Since the mixture fraction ξ is a conserved scalar,
its chemical source term ω̇ξ = 0, and thus ω̇ = [0, ω̇C ]T where ω̇C is the chemical
source term of the progress variable C.
By using the joint PDF transport equation in (5.7), we can readily obtain the
governing equations for the mean and variance of the mixture fraction, and the mean
progress variable in PaSR as follows,
∂ξ˜
ξ˜ (1 − P )
=− +
,
τr
∂t
τr

(5.8)
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002
∂ξf
1
1
(1 − P )P
002 (
+
)+
,
= −ξf
τr
∂t
τ r τm
e
e
∂C
C
ė C .
=− +ω
∂t
τr

(5.9)
(5.10)

The steady-state analytical solutions of PaSR can be readily obtained from equation
(5.8)-(5.10) (after setting the temporal terms ∂/∂t = 0) as
ξ˜ = 1 − P,

(5.11)

P (1 − P )
002 =
,
ξf
(1 − τr /τm )

(5.12)

002 , C
˜ ξf
e).
e = τr ω
ė C (ξ,
C

(5.13)

e above is implicit. An explicit solution can be obtained
The analytical solution of C
002 , C
˜ ξf
e).
numerically, with the chemical source term from the FPV ﬂamelet table ω̃˙C (ξ,

Three diﬀerent tables based on the diﬀerent table integration approaches from Section 3.2 can be used for obtaining the chemical source term. Given the solutions
002 , C
˜ ξf
e), all the other thermochemical variables (or the dependent variables) in
of (ξ,

PaSR can be obtained from the table as well, such as the mean temperature and
the mean mass fractions of species. The eﬀect of the diﬀerent table integration approaches on the FPV modeling of the PaSR cases will be examined in detail in the
later discussions in Section 3.4.
As mentioned early, the major diﬀerence among the three table integration approaches in Section 3.2 is the diﬀerence in their presumed or implied shapes of the
joint PDF for the mixture fraction ξ and the progress variable C. In this work,
we also employ the transported PDF method [33, 92, 93] to model the PaSR case,
in which the joint PDF is directly computed from the transport equation (5.7) instead of the presumed shape, in order to provide a reference for the joint PDF of
the mixture fraction and the progress variable for the comparison of the three FPV
table integration approaches. In the transported PDF method, only two scalars are
considered, the mixture fraction ξ and the progress variable C. All the other thermochemical properties can be obtained from the laminar ﬂamelet solutions φ(ξ, C) given
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the computed mixture fraction and progress variable. The PDF transport equation
(5.7) can be solved by using the Monte Carlo particle method [33]. For the PaSR
cases, a set of Np particles are used and each particle carries a pair of property (ξn∗ , Cn∗ )
(n = 1, · · · , Np ). The particle properties evolve according to
dξn∗
∗
= Ṁ (ξ1∗ , ξ2∗ , · · · , ξN
),
p
dt

(5.14)

dCn∗
= M˙ (C1∗ , C2∗ , · · · , CN∗ p ) + ω̇C (ξn∗ , Cn∗ ),
dt

(5.15)

where the superscript “*” is used to denote the particle properties, M˙ denotes the
mixing model to close the unclosed term that comes from the last term of the PDF
transport equation (5.7), and ω̇C is the chemical source term which can be obtained
from the laminar ﬂamelet solutions φ(ξ, C). The mixing term M˙ is modeled by the
Euclidean minimum spanning trees (EMST) model [97]. The inﬂow and outﬂow are
modeled additionally through random replacement of particles (see Section 5.3.2 for
more details).
Comparing the ﬂamelet models and the transported PDF method above, we can
see that all the models use exactly the same set of laminar ﬂamelet solutions φ(ξ, C).
The only diﬀerence among them is the shape of the joint PDF of the mixture fraction
and the progress variable fξ,C (η, ϑ). We argue that the currently employed transported PDF method is able to produce reasonable joint PDF of the mixture fraction
and the progress variable so that the transported PDF method results can be used as
a reference for examining the diﬀerent ﬂamelet table integration approaches, although
the transported PDF method involves unclosed terms and requires modeling as well
and the results from the transported PDF method cannot be truly viewed as exact
results. A qualitative validation of this argument for the transported PDF method
to produce reasonable joint PDF of the mixture fraction and the progress variable is
presented in Section 5.3.3. With the model validation, the transported PDF results
are then used as a reference for the assessment of the diﬀerent FPV table integration
approaches.
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The modeling methods (the FPV model with the diﬀerent table integration approaches and the transported PDF method) are implemented in an in-house research
code. The correctness and accuracy of the code is veriﬁed in Appendix by using the
available experimental data from a perfectly stirred reactor (PSR) [98].

5.3.2

Numerical solution approaches

The boundary conditions of the PaSR cases for the fuel and oxidizer inﬂows are
speciﬁed to be the same as those in the Sandia piloted jet ﬂames [51]. It is beneﬁcial
to use a real ﬂame condition for our PaSR calculations. It can enable us to make a
qualitative comparison between the experimental ﬂames and the PaSR calculations in
Section 5.3.3. The fuel consists of 25% CH4 and 75% air by volume, and the oxidizer
is air. The stoichiometric condition is at ξst = 0.351. The fuel inﬂow temperature
is at 294K and the oxidizer inﬂow temperature at 291K. The PaSR is operated at
1atm. The PaSR mass ﬂow rates are speciﬁed based on the analytical solution in
equation (5.11). The two time scales, τm and τr , are adjusted to obtain diﬀerent
ﬂame conditions. In general, extinction or near extinction conditions are avoided in
our cases since these cases are generally diﬃcult for the ﬂamelet model to apply. The
GRI3.0 reaction mechanism [99] is used to describe the chemical reaction.
In the transported PDF modeling of the PaSR test cases, a set of Np = 1000
particles are used for all the steady state simulations in this work, and Np = 10000
are used for the transient PaSR simulations discussed in Section 3.3.4. Each PDF
particle carries two properties, the mixture fraction ξ and the progress variable C.
The particles are point mass with the mass of each particle the same. The inlet and
outlet of the PaSR are modeled through the random replacement of the particles inside
PaSR by the fresh fuel or oxidizer particles. The variation of the properties for the
discrete particles according to equations (5.14) and (5.15) approximates the evolution
of the joint PDF. The statistics of PaSR, such as the mean temperature and the mean
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mass fractions, can be estimated from the ensemble averages of particle properties.
More details of the transported PDF modeling of PaSR can be found in [92, 93].
In the FPV model, the same boundary conditions as in PaSR are used to generate
the laminar ﬂamelet solutions, and the FlameMaster code [100] is used for these
solutions. The laminar ﬂamelet solutions contain the burning solutions on both the
steady and unsteady branches of the S-curve, with the scalar dissipation rate ranging
from 0.1s−1 to the extinction limit χq = 624s−1 , resulting in a total of 88 ﬂamelet
solutions. Adaptive grid is used to store the ﬂamelet solutions, with the number of
grids about 150 for the diﬀerent ﬂamelets.

5.3.3

Validation of the transported PDF method for PaSR

As pointed out in Section 3.3.1, the fundamental diﬀerence among the diﬀerent
methods including the transported PDF method and the FPV model with the diﬀerent ﬂamelet integration approaches is the diﬀerence in their joint PDF of the mixture
fraction and the progress variable. All of these methods use the same set of lamainar
ﬂamelet solutions, and obviously any diﬀerence in the results of the diﬀerent methods
is caused by the diﬀerence in their joint PDF of ξ and C. The transported PDF
method directly computes the joint PDF, while the FPV model presumes the shape
of the joint PDF of ξ and C (directly or indirectly). In this work, we use the transported PDF method as a reference for assessing the FPV model with the diﬀerent
integration approaches. Here we ﬁrst validate the transported PDF method for producing reasonable joint PDF of the mixture fraction and the progress variable for the
PaSR test cases. The validation is qualitative in nature since it is diﬃcult without
the experimental data or DNS data for the PaSR case which are not available.
We perform three representative PaSR test cases with τr = 2×10−3 s, and τm /τr =
0.02, 0.26, and 1.00. The mass ﬂow rates of the fuel and oxidizer are speciﬁed with P =
0.649 (corresponding to ξ˜ = 0.351 in equation (5.11)). The increase of the mixing time
scale leads to slower mixing and increased amount of local extinction in PaSR. The
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Fig. 5.2. The joint PDFs of the mixture fraction ξ and the progress
variable C from the transported PDF modeling of the PaSR cases
with τr = 2 × 10−3 s and τm /τr = 0.02 (left), 0.26 (middle), 1.00
(right). The blue dashed lines are the laminar ﬂamelet solution with
the strain rate as = 150s−1 from the burning branch of the S-curve.

transported PDF particle simulations are performed until the statistically stationary
state is reached. The particles from 40000 steps of the ﬁnal statistically stationary
state are collected, resulting a total number of 4 × 107 particles for evaluating the
joint PDF. The particles are binned into 50 × 50 cells in the mixture fraction sample
space η and the progress variable sample space ϑ to estimate the discrete joint PDF
at the cell centers.
The joint PDFs of the mixture fraction and the progress variable from the transported PDF simulations of the three PaSR cases are shown in ﬁgure 5.2. A laminar
ﬂamelet solution with the strain rate as = 150s−1 from the stable burning branch
is also shown in the ﬁgure as the blue dashed lines. As we can see from the ﬁgure,
the joint PDF reaches peak values near a region where a laminar ﬂamelet is located.
This strongly indicates that the combustion in the current PaSR cases predicted by
the transported PDF method is in the ﬂamelet combustion regime.
To examine whether the above predictions of the joint PDFs of the mixture fraction and the progress variable by the transported PDF method are reasonable or not,
we examine the same joint PDFs in the Sandia piloted jet ﬂames [51]. As pointed
out in Section 3.3.1, although the PaSR test case is an idealized model, it is closely
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Fig. 5.3. The single-point and single-time joint PDFs of the mixture
fraction ξ and the progress variable C from the measurements of the
Sandia ﬂame D [51] at the three selected locations (x/D, r/D)=(7.5,
0.97), (15, 1.11), and (30, 1.67), where D is the diameter of the fuel
jet. The blue dashed lines are the laminar ﬂamelet solution with the
strain rate as = 150s−1 from the burning branch of the S-curve.

related to real ﬂames, and the combustion in a local region in a turbulent ﬂame can
be viewed (qualitatively) as a PaSR. We rely on this similarity and examine the PDFs
in the Sandia piloted ﬂame D which boundary conditions have been used for the current PaSR simulations. The single-point and single-time joint PDFs of the mixture
fraction and the progress variable in ﬂame D are examined in ﬁgure 5.3 at the three
selected locations shown in the ﬁgure from the measurement data. The radial location is chosen to be where the radial mean temperature reaches its peak value at the
axial location. This location is arguably where the ﬂame front is located. A laminar
ﬂamelet solution with as = 150s−1 from the burning branch of the S-curve is also
shown in the ﬁgure. From the ﬁgure we can see that most of the measurements are
near the laminar ﬂamelet with some scattering of the measurement points indicating
local extinction. Although it is not possible to make a direct comparison between the
PaSR cases in ﬁgure 5.2 and ﬂame D in ﬁgure 5.3, we can observe the strong similarity between these two cases, i.e., both of them show ﬂamelet dominated combustion
regime. This similarity provides a weak validation of the transported PDF method for
the PaSR cases. It suggests that the transported PDF model is capable of producing
the joint PDF of the mixture fraction and the progress variable qualitatively correct.
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In the following we use the transported PDF method results as a reference to assess
the FPV model for the PaSR cases with the diﬀerent ﬂamelet tables. The PaSR cases
have been shown to be in the ﬂamelet regime and hence are suitable for the ﬂamelet
model.

5.4

Comparison of diﬀerent ﬂamelet tables in PaSR simulations
The simulation results for PaSR from the diﬀerent methods are compared in detail

in this section. The joint PDFs of the mixture fraction and the progress variable
implied in the FPV model with the diﬀerent table integration approaches are discussed
in Section 3.4.1. The ﬂamelet tables obtained from the diﬀerent table integration
approaches are examined in Section 3.4.2, followed by the discussions on the eﬀect of
the diﬀerent ﬂamelet tables on the PaSR simulations in Section 3.4.3-3.4.5.

5.4.1

Joint PDF of mixture fraction and progress variable

The three table integration approaches in Section 3.2 all use the same set of
laminar ﬂamelet solutions for generating the ﬂamelet tables. It is expected that the
fundamental diﬀerence among the diﬀerent approaches lies in the presumed joint
PDF that is used for integrating the laminar ﬂamelet solutions. In this section, we
examine directly the implied joint PDFs from the diﬀerent approaches. As discussed
in Section 3.2, the presumed joint PDFs for the diﬀerent approaches are assumed
for diﬀerent random variables. For example, a presumed joint PDF is assumed for
the mixture fraction ξ and the normalized progress variable c in Method 2, while
in method 3, the joint PDF of the normalized mixture fraction ϕ and the progress
variable C is presumed. To make the comparison direct, we examine the implied
joint PDFs of the mixture fraction ξ and the progress variable C, fξ,C (η, ϑ), from the
diﬀerent approaches although these are not the original joint PDFs that are assumed
for integrating the tables.
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Converting the presumed joint PDFs of the original random variables to the joint
PDFs of ξ and C mathematically is not trivial for some of the approaches. Here we
employ a Monte Carlo sampling method to construct the joint PDFs of ξ and C for
the diﬀerent approaches numerically. In the transported PDF method, this is the
typical approach to estimate the joint PDFs as discussed in Section 3.3.3.
002 , C
˜ ξf
e), the original solution
In method 1, for a given PaSR steady state solution (ξ,
002 , I) is obtained by reversing the mapping, C = C(I), that was used
˜ ξf
in terms of (ξ,

during the table integration in Method 1. A β-PDF random number generator is
then used to generate a large number of Monte Carlo samples of ξ. The δ-PDF is
assumed for C so the same ﬂamelet with a ﬂamelet index I is used for the Monte
Carlo samples. With the value of ξ for each sample obtained from ﬂamelet I, we
can retrieve the laminar ﬂamelet solution φ(ξ, I) to ﬁnd the progress variable C for
each sample. The joint PDF of ξ and C can then be constructed following the same
binning approach discussed in Section 2.2.3.3.
In Method 2, a large number of Monte Carlo samples are generated for (ξ, c) where
c is the normalized progress variable. This can be easily converted to (ξ, C) by using
equation (5.1), and then the same approach can be used to bin samples and to ﬁnd
the joint PDF. The same procedure can be used for ﬁnding the joint PDF in Method
3. The number of binning cells and number of samples used in Methods 1, 2, and 3
are the same as in the transported PDF method in Section 3.3.3, i.e., 50 × 50 binning
cells and 4 × 107 particles.
Steady state PaSR simulations are performed with τr = 2 × 10−3 s, τm /τr =
0.26, P = 0.649, corresponding to the second PaSR case shown in ﬁgure 5.2. The
corresponding steady state solutions are ξ˜ = 0.351 and the normalized variance ξv =
002 /(ξ˜(1 − ξ˜)) = 0.2 according to equations (5.11) and (5.12). The shape of the
ξf

presumed β-PDF based on these values of ξ˜ and ξv is bell shaped. (Other conditions
with diﬀerent shapes of the PDFs have been examined, including the two additional
cases in ﬁgure 5.2. Their results are found to yield the same observations here and
hence are not shown.) The joint PDFs of ξ and C obtained from the diﬀerent methods
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Fig. 5.4. Comparison of the joint PDFs of the mixture fraction ξ
and the progress variable C, fξ,C (η, ϑ), from the transported PDF
method, Method 1, Method 2, and Method 3 for PaSR by using the
Monte Carlo sampling. The blue dashed lines are the laminar ﬂamelet
solution with the strain rate as = 150s−1 from the burning branch of
the S-curve.

by using the above outlined numerical approaches are compared in ﬁgure 5.4. The
joint PDF from the transported PDF method in ﬁgure 5.4 is identical to the middle
subplot of ﬁgure 5.2. As mentioned before, this joint PDF highly concentrates in the
region where a typical laminar ﬂamelet solution is found. The joint PDF obtained
from Method 1 is found to be nonzero along a curve where a laminar ﬂamelet solution
is located. The mathematical PDF from Method 1 is expected to be inﬁnitely large
because of the presumed δ-PDF for C. The actual PDF values are ﬁnite because they
are smeared due to the used Monte Carlo sampling and the binning of the particles.
The PDF obtained from Method 2 is also nonzero only along a curve which is diﬀerent
from the curve observed in Method 1. According to Method 2 in Section 3.2, it is
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expected that this is the curve along which the normalized progress variable c is
constant. The joint PDF obtained from Method 3 is zero everywhere except along a
horizontal line in the ﬁgure corresponding to a constant value of C. Comparing the
joint PDFs obtained from the transported PDF method and from the FPV model
with the diﬀerent ﬂamelet table integration approaches, we can see that Method 1
yields the joint PDF closest to the transported PDF method. Method 2 also yields
PDF close to the transported PDF method on the fuel lean side but is very diﬀerent
from the transported PDF method on the fuel rich side. Method 3 yields the joint
PDF that is dramatically diﬀerent from the transported PDF method. Through the
comparison with the transported PDF method results, among the diﬀerent ﬂamelet
table integration approaches, we expect that Method 1 can yield the most accurate
joint PDF of the mixture fraction and the progress variable. This accuracy is expected
to be connected to the ﬂamelet preserving property of Method 1. The fundamental
assumption of all ﬂamelet models is their assumption of one-dimensional laminar
ﬂamelet structures embedded in turbulent ﬂames. Retaining such laminar ﬂamelet
structures in the ﬂamelet table integration seems to be a necessary condition to be
consistent with the fundamental assumption of the ﬂamelet models. And doing so is
demonstrated to be beneﬁcial in yielding more accurate joint PDFs of the mixture
fraction and the progress variable in the PaSR test cases.
Figure 5.5 further compare the marginal PDFs of ξ, f (η), and the marginal PDFs
of C, f (ϑ), from the PaSR simulations. The marginal PDF of ξ from the transported
PDF method is close to the β-PDF but shows more variation features than the presumed β-PDF. The β-PDF is assumed for all the ﬂamelet models. Both method 1
and method 2 show a skewed bell-shaped β-PDF for ξ, while the PDF of ξ from
Method 3 becomes U-shaped. This diﬀerence is caused because in Method 3 the
presumed β-PDF is assumed for the normalized mixture fraction ψ instead of the
mixture fraction ξ itself as in Methods 1 and 2. The marginal PDFs of C from the
diﬀerent methods also show dramatic diﬀerence as shown in the ﬁgure.
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These diﬀerences in the joint PDFs and marginal PDFs observed in ﬁgures 5.4
and 5.5 are the sources of the diﬀerence of the results of PaSR by using the diﬀerent
table integration approaches. A quantitative comparison of the diﬀerent PaSR results
with the diﬀerent methods is made in the following sections.

5.4.2

Examination of the ﬂamelet tables

We ﬁrst provide a preview of the diﬀerence of the diﬀerent ﬂamelet tables that
are generated by using the diﬀerent table integration approaches in Section 3.2. A
two dimensional slice is taken from each of the ﬂamelet tables with a ﬁxed value of
002 /(ξ˜(1 − ξ˜)) = 0.1 and is compared in ﬁgure 5.6 in
the normalized variance ξv = ξf

the mean mixture fraction and the mean progress variable space for four quantities,
the mean density ρ̄, the mean reaction rate for the progress variable ω̃˙C , the mean
temperature Te and the mean OH mass fraction YeOH . From the ﬁgure, we can see that
the diﬀerent ﬂamelet tables generated from the same set of ﬂamelet solutions using
the diﬀerent approaches are diﬀerent. They diﬀer mainly in two ways. In one way,
the covered regions in the mean mixture faction and the mean progress variable space
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ė C [s−1 ]
ω

ρ̄[kg/m3 ]

0.15
0.1
0.05
0

1
0.8
0.6
0.4
0.2

500

0.15
0.1
0.05
0

1
0.8
0.6
0.4
0.2

500

1
0.8
0.6
0.4
0.2

500

0.15
0.1
0.05
0
0 0.5 1
ξ˜

YeOH

2000
1000

1

2000

0
−3
x 10
2

1000

1

2000

0
−3
x 10
2

1000

1

0

0

0 0.5 1
ξ˜

0

0 0.5 1
ξ˜

−3

x 10
2

0 0.5 1
ξ˜

0

Fig. 5.6. Comparison of the ﬂamelet tables generated by using the
diﬀerent table integration approaches discussed in Section 3.2. The
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mean temperature Te and the mean OH mass fraction ỸOH in the mean
e are show for
mixture fraction ξ˜ and mean progress variable space C
Method 1 (the ﬁrst row), Method 2 (the second row) and Method 3
(the third row). The normalized variance of the mixture fraction is
002 /(ξ˜(1 − ξ˜)) = 0.1. The blue dashed line is the edge
ﬁxed at ξv = ξf
of the region covered by all the laminar ﬂamelet solutions.

by the diﬀerent ﬂamelet tables are diﬀerent. Speciﬁcally, the tables generated from
Method 1 and Method 2 cover the same region that is diﬀerent from that in Method
3. In the other way, the function values of the table quantities shown in ﬁgure 5.6
002 , C
˜ ξf
e) from the diﬀerent tables are quite diﬀerent. Taking the
at the same point (ξ,

mean reaction rate ω̃˙C as an example, we can see from ﬁgure 5.6 that the peak value
location of ω̃˙C and the function shape around the peak value location are diﬀerent
for all three diﬀerent tables. These diﬀerences observed represent the fundamental
diﬀerence of the diﬀerent table integration approaches discussed in Section 3.2. The
eﬀect of these diﬀerences is explored in the following discussions.
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5.4.3

Eﬀect of table integration on ﬂamelet independent variables

Here we examine the eﬀect of the diﬀerent ﬂamelet tables on the predictions of the
ﬂamelet independent variables. To do so, we perform transient PaSR calculations by
solving equations (5.14) and (5.15) for the transported PDF method and equations
(5.8)-(5.10) for the FPV model. In the transported PDF method, the number of
particles used is 10000 which is greater than the number of particles that are used in
the previous steady state PaSR simulations in Section 3.4.1 to reduce the statistical
errors in the transported PDF results. A total of 40 trials of the transported PDF
simulations are performed for estimating the conﬁdence intervals of the results. The
initial conditions of the transient PaSR simulations are speciﬁed to be ξ˜ = 0.3, ξv =
002 /(ξ˜(1 − ξ˜)) = 0 and C
e = 0.127. The laminar ﬂamelet solutions φ(ξ, C) are used to
ξf

generate the initial composition for the transported PDF method. The ﬂow residence
and mixing time scales are speciﬁed as, τr = 2 × 10−3 s and τm /τr = 0.26, P = 0.649
(corresponding to the steady state solution ξ = 0.351 according to equation (5.11))
with which little local extinction is produced in the PaSR. The steady state solution
of this case corresponds to the second PaSR case shown in ﬁgure 5.2 and also the case
shown in ﬁgure 5.4. Figure 5.7 shows the temporal evolution of the mean mixture
002 , the mean progress variable C
e and the mean density ρ̄
fraction ξ˜, its variance ξf

in the transient PaSR case computed from the transported PDF method and the
FPV model with the three diﬀerent ﬂamelet tables. The transported PDF results are
shown with the error bars as the 95% conﬁdence intervals which are estimated from
multi-trial simulations.
From ﬁgure 5.7, we can see that the diﬀerent ﬂamelet tables have very little eﬀect
on the calculations of the mean mixture fraction ξ˜ and the mixture fraction variance
002 . At the steady state, the mean mixture fraction and the variance are actually
ξf

independent of the ﬂamelet tables according to the analytical solutions in equations
(5.11) and (5.12). The results from the transported PDF method are also shown as the
reference case. For the predictions of the mean and variance of mixture fraction, all
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Fig. 5.7. The temporal evolution of the predictions of the mean mix002 , the mean progress variable C
e and the
ture fraction ξ˜, its variance ξf
mean density ρ̄ from a transient PaSR calculation starting with the
same speciﬁed initial condition with the diﬀerent methods. The error
bars on the transported PDF results are the 95% conﬁdence intervals
estimated from multi-trial simulations.

the FPV results with the diﬀerent ﬂamelet tables and the transported PDF results
are consistent within the 95% conﬁdence intervals of the transported PDF results
indicated by the error bars.
e shown in ﬁgure 5.7, all methods
For the predictions of the mean progress variable C
yield a similar trend of variation with an initial rapid decrease of C˜ and then slow
increase towards the steady state solution. However, some signiﬁcant diﬀerence is
observed among the FPV model with the three diﬀerent ﬂamelet tables with the
largest relative diﬀerence among them about 12% at the steady state. This diﬀerence
e which shows
ė C for C
is consistent with the results of the reaction rate source term ω
e
quite signiﬁcant diﬀerence among the diﬀerent tables in ﬁgure 5.6. The predicted C
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from Method 1 is found to be very close to the transported PDF results, while the
results from the other ﬂamelet tables are quite diﬀerent from the transported PDF
results which is consistent with the shapes of the joint PDFs examined in Section
3.4.1.
All methods yield similar temporal variation for the mean density ρ̄ in ﬁgure 5.7,
with an initial rapid increase of the mean density and then a slow decrease towards
the steady state results. The ﬂamelet results are diﬀerent from each other, with the
largest relative diﬀerence about 22% at steady state. All the ﬂamelet results for ρ̄
are lower than the predicted ρ̄ by the transported PDF method. Interestingly, both
e, while
Method 1 and the transported PDF method yield very similar results for C
they produce diﬀerent results for ρ̄. Clearly, based on the comparison, the FPV
model based on the three diﬀerent table integration methods can signiﬁcantly aﬀect
e.
the solution of the ﬂamelet independent variable C
Figure 5.7 shows the eﬀect of the diﬀerent methods on the PaSR results for a single transient case, from which the eﬀect of the ﬂamelet table integration approaches
e is clearly shown. To provide a more complete
on the ﬂamelet independent variable C
understanding of such eﬀect, we further perform more PaSR calculations over a wide
range of parameters (τr = 2 × 10−3 s, τm /τr ∈ [10−5 , 0.32], P ∈ [0.35, 0.72]). The
results from a total of 120 PaSR calculations under the diﬀerent conditions with the
e
diﬀerent methods at steady state are depicted in ﬁgure 5.8 where the predicted C
002 /(ξ˜(1 − ξ˜)) is shown. Each point on the ﬁgure corresponds to
against ξ˜ or ξv = ξf

one steady state PaSR simulation result. The left two subplots in ﬁgure 5.8 show the
˜
results with the same ξv , and the right subplots show the results with the same ξ.
From the ﬁgure we can see that, over a wide range of conditions, the three diﬀerent
ﬂamelet tables obtained with the diﬀerent integration approaches produce quite different results. For most of the cases, relatively, Method 3 yields the highest value of
002 , Method 2 yields the next highest followed
e given the same predictions of ξ˜ and ξf
C

e among the
by Method 1. The largest reletative diﬀerence in the predictions of C
diﬀerent ﬂamelet models reaches about 65%. These observations are consistent with

e
C

e
C
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the transported PDF method and with the FPV model based on the
three diﬀerent ﬂamelet tables.

e. The results from Method 1 are very close
ﬁgure 5.7 in terms of the predictions of C
to the transported PDF method results, which is expected since their joint PDFs of
the mixture fraction and the progress variable are very similar as shown in ﬁgure 5.4.
To summarize, the signiﬁcant eﬀect of the ﬂamelet tables generated with the different integration approaches on the predictions of the ﬂamelet independent variables
e and
is clearly demonstrated. This eﬀect is mainly on the mean progress variable C
is negligible on the mean mixture fraction and the variance. In the FPV model, the
three ﬂamelet independent variables are the input for the ﬂamelet table lookup. Their
diﬀerence can certainly cause diﬀerence in the returned dependent variables such as
the mean temperature and mean species mass fractions, as having been brieﬂy demonstrated in ﬁgure 5.7 for the mean density. In the following discussions, we further
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examine the eﬀect of the table integration approaches on the ﬂamelet dependent variables. It is noted that the dependent variables will be aﬀected by at least two sources
of errors: the error in the predictions of the ﬂamelet independent variables discussed
in this sub-section and the error in the ﬂamelet table that relates the dependent and
independent variables. To isolate these two errors, we do two comparisons in the
following discussions. In Section 3.4.4, we eliminate the error in the predictions of
the independent variables, and compare the PaSR results from the diﬀerent tables
without any diﬀerence in the independent variables, and in Section 3.4.5, we examine
the eﬀect of the two combined errors on the dependent variables in PaSR.

5.4.4

A priori examination of the ﬂamelet tables

In this sub-section, we examine the diﬀerence of the diﬀerent ﬂamelet tables generated with the diﬀerent integration approaches discussed in Section 3.2. The diﬀerence
of the diﬀerent tables has been compared brieﬂy in Section 3.4.2. Here further comparison is made to examine the isolated table error with the error in the independent
variables eliminated in the PaSR simulations. To do the comparison, we use the
002 , C
˜ ξf
e) from the transported PDF method
results of the independent variables (ξ,

with a wide range of conditions as those in Section 3.4.3 for all the diﬀerent ﬂamelet
models so that they have the same input for the ﬂamelet table lookup, i.e., the error
diﬀerence in the predictions of the independent variables is eliminated. Figure 5.9
shows the predictions of the mean temperature Te, the mean density ρ̄, and the mean
mass fractions of CH4 , O2 , CO2 , H2 O, CO, H2 , OH against the mean mixture fraction
for all the cases studied with the normalized steady state mixture fraction variance of
ξv = 0.1, while ﬁgure 5.10 shows the results of same set of quantities against ξv for all
the cases that have the same steady state mean mixture faction ξ˜ = 0.351. A total of
60 PaSR simulations are reported in ﬁgure 5.9 and ﬁgure 5.10. The most signiﬁcant
observation that we can make from ﬁgures 5.9 and 5.10 is that the diﬀerent table
integration approaches in the FPV model can signiﬁcant aﬀect the predictions of all
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Fig. 5.9. The predicted mean temperature Te, mean density ρ̄, and
mean mass fractions of CH4 , O2 , CO2 , H2 O, CO, H2 , OH against the
predictions of ξ˜ at a ﬁxed value of ξv = 0.1 from the steady state
PaSR simulations with the transported PDF method and with the
FPV model based on the three diﬀerent ﬂamelet tables. The inputs
002 , C
˜ ξf
e) for the ﬂamelet models are taken from the transported PDF
(ξ,
method so that the diﬀerence in the ﬂamelet independent variables is
eliminated in the ﬂamelet models.

the thermochemical properties. This eﬀect results in maximum relative diﬀerence
of about 8% in the mean temperature, 22% in the mean density, 30% in the major
species (CH4 , O2 , CO2 , H2 O), 60% in the intermediate species (CO, H2 ), and 90%
in the radical OH, among the FPV model with the diﬀerent ﬂamelet tables. These
diﬀerences represent the diﬀerence only in the ﬂamelet tables. In an actual PaSR
simulation, the diﬀerence in the ﬂamelet tables as well as the diﬀerence in predicting
the ﬂamelet independent variables causes the diﬀerence in the ﬁnal simulation results.
This combined eﬀect is examined in the following Section 3.4.5.
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Fig. 5.10. The predicted mean temperature Te, mean density ρ̄, and
mean mass fractions of CH4 , O2 , CO2 , H2 O, CO, H2 , OH against the
predictions of ξv at a ﬁxed value of ξ˜ = 0.351 from the steady state
PaSR simulations with the transported PDF method and with the
FPV model based on the three diﬀerent ﬂamelet tables. The inputs
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e) for the ﬂamelet models are taken from the transported PDF
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method so that the diﬀerence in the ﬂamelet independent variables is
eliminated in the ﬂamelet models.

5.4.5

Eﬀect of table integration on the prediction of PaSR

The eﬀect of the diﬀerent ﬂamelet table integrations on the actual predictions
of PaSR are examined in ﬁgures 5.11 and 5.12. The results are based on the same
set of steady state PaSR simulations with a wide range of conditions as those in
Sections 3.4.3 and 3.4.4. The FPV model with the diﬀerent ﬂamelet tables uses its
own predictions of the ﬂamelet independent variables as the input for the ﬂamelet
table lookup. Figure 5.11 shows the predictions of the mean temperature Te, the mean
density ρ̄, and the mean mass fractions of CH4 , O2 , CO2 , H2 O, CO, H2 , OH against
the mean mixture fraction for all the cases studied with the normalized steady state
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mixture fraction variance of ξv = 0.1, while ﬁgure 5.12 shows the results of the same
set of quantities against ξv for all the cases that have the same steady state mean
mixture faction ξ˜ = 0.351. From the ﬁgures, we can see that the combined errors
in the predictions of the ﬂamelet independent variables and the errors in the tables
aﬀect the predictions of all thermochemical properties signiﬁcantly. The maximum
relative diﬀerence caused by using the diﬀerent ﬂamelet tables is about 20% in the
mean temperature, 30% in the mean density, 40% in the major species (CH4 , O2 ,
CO2 , H2 O), 60% in the intermediate species (CO, H2 ), and 50% in the radical OH.
This observed quantitative diﬀerence of the eﬀect of the diﬀerent ﬂamelet tables on
the actual PaSR simulations clearly demonstrates the signiﬁcance of the issue raised
in this paper.
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Fig. 5.11. The predicted mean temperature Te, mean density ρ̄, and
mean mass fractions of CH4 , O2 , CO2 , H2 O, CO, H2 , OH against the
predictions of ξ˜ at a ﬁxed value of ξv = 0.1 from the steady state
PaSR simulations with the transported PDF method and with the
FPV model based on the three diﬀerent ﬂamelet tables.
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A quick comparison between the results shown in Section 3.4.4 where only the
table errors are concerned and the results here reveals that both types of errors (in
the prediction of the independent variables and in the tables) are signiﬁcant and
there is no indication that one type error is negligible compared to the other. It also
shows that there are possibly strong interactions between the two types of errors.
Sometimes these two errors are accumulated (and possibly ampliﬁed), e.g., for the
CH4 mass fraction in the fuel rich condition, the relative diﬀerence after combining
both errors in ﬁgure 5.11 is much larger than that when one error is eliminated in
ﬁgure 5.9. Sometimes these two errors seem to be able to cancel each other, e.g., for
the mean temperature at the fuel lean condition, after combining the errors in ﬁgure
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5.11, the relative diﬀerence among the diﬀerent ﬂamelet results is much smaller than
that with the errors in the independent variables eliminated in ﬁgure 5.9.
Upon a closer comparison of the results in ﬁgures 5.11 and 5.12, we can make the
following detailed observations. First, in reference to the transported PDF method
results (squares with lines), we can see that Method 1 yields the closest results, which
has also been observed before in ﬁgures 5.7 and ﬁgure 5.8. The results of both Method
2 and Method 3 have diﬀerent levels of deviation from the transported PDF method
results for the diﬀerent quantities. This observation is consistent with the ﬁndings
in Section 3.4.1. It shows that ﬂamelet preserving is an important property for the
ﬂamelet table integrations. It suggests that Method 1 which has the property of
ﬂamelet preserving is probably preferred over the other table integration approaches
for practical ﬂamelet applications. Second, the diﬀerence of the diﬀerent methods
varies signiﬁcantly under the diﬀerent conditions of PaSR. For example, in ﬁgure
5.11, the diﬀerence of the predictions of the mean O2 mass fraction from the diﬀerent
methods is very small at the small mixture fraction (ξ˜ < 0.35), while this diﬀerence
is signiﬁcant at the relatively large mixture fraction (ξ˜ > 0.4) for some methods. In
ﬁgure 5.12, all the methods yield identical results at ξv = 0 because at this condition
a δ-PDF is used in all methods for the mixture fraction. With the increase of the
normalized variance ξv , the diﬀerence among the diﬀerent methods grows, which
indicates the growing diﬀerence of the shapes of the joint PDFs of ξ and C implied
in the FPV model with the diﬀerent table integration approaches.
Finally we make a quantitative assessment of the diﬀerent table integration approaches. We take all the results in ﬁgures 5.11 and 5.12, including a total of 60
steady state PaSR simulation cases, and we deﬁne a global error index to measure
the overall errors in the simulations. In the analysis, we use the results from the
transported PDF method as the accuracy reference to measure the errors, although
the transported PDF method results are not error free. Given the fact that the transported PDF method can produce qualitatively reasonable joint PDF of the mixture
fraction and the progress variable in Section 3.3.3 which is the key diﬀerence of all
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the employed methods in this work, it is expected to be acceptable to use the transported PDF method results as the accuracy reference for the current analysis. Given
a particular prediction Q, e.g., the mean temperature Te, we can deﬁne a global error
index  as
1/2
Ns
1 X
(Qj,A − Qj,P DF )2
A (Q) =
Ns j=1 max(Q2k,P DF )


(5.16)

k

where the subscript “A” denotes a method such as Method 1, the subscript “PDF”
denotes the results from the transported PDF method, and Ns is the total number of
the PaSR cases. For each quantity using a particular method, we can calculate the
error index  based on equation (5.16). The values of the calculated  are tabulated
in Table 5.1 for the mean temperature Te, the mean density ρ̄, and the mean mass
fractions of CH4 , O2 , CO2 , H2 O, CO, H2 , OH.
Table 5.1.
The values of the global error indices deﬁned in equation (5.16) for
the diﬀerent quantities predicted by the FPV model with the diﬀerent
table integration approaches for PaSR.
Method 1 Method 2

Method 3

Te[K]

0.5%

5.5%

9.2%

ρ̄[kg/m3 ]

2.3%

8.7%

11.8%

YeCH4

6.8%

76.7%

71.2%

YeO2

2.1%

24.8%

28.7%

YeCO2

1.3%

3.0%

13.6%

YeH2 O

1.1%

11.6%

13.1%

YeCO

8.6%

52.7%

50.6%

YeH2

12.4%

120.8%

97.7%

YeOH

2.8%

4.6%

13.1%

From Table 5.1, we can see that Method 1 yields the lowest error indices for all
the quantities examined in the table among the diﬀerent table integration approaches.
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The highest error index value of Method 1 is for the calculation of YeH2 , reaching 12.4%.
Comparing Method 1 and Method 2, we can see that the values of the error index
for Method 2 increase up to 10 times compared to those for Method 1, e.g., the error
indices for O2 , H2 O, H2 . For Method 2, the highest error index is also reached by YeH2
at 120.8%. Comparing Method 2 and Method 3, we ﬁnd that the values of the error
index of the diﬀerent quantities for Method 3 is higher than those for Method 2 for
most of the quantities except CH4 , CO and H2 . For these three quantities, the values
of the error index for Method 3 are only slightly lower than those for Method 2, while
for other quantities the values of the error index for Method 3 can reach more than
four times of Method 2, e.g., the error index of YeCO2 . Based on these quantitative
comparisons, we can see that Method 1 is undoubtedly the best approach for the
ﬂamelet table generation in the FPV model to yield the lowest prediction error. This
good accuracy is expected to be related to the ﬂamelet preserving property of Method
1. Both Method 2 and Method 3 can yield up to ten times higher in the prediction
error for PaSR when compared to Method 1. They are probably better to be avoided
since they show no advantages when compared to Method 1.
In summary, in Section 3.4, we examined carefully the eﬀect of the diﬀerent table
integration approaches on the PaSR calculations. The eﬀect is examined separately
on the joint PDFs of ξ and C, on the predictions of the ﬂamelet independent variables, and then on the dependent variables. Signiﬁcant diﬀerence among the diﬀerent
approaches is observed. The quantitative comparison of the diﬀerent ﬂamelet table
integration approaches reveals that Method 1 yields the least overall error, while the
other methods can be signiﬁcantly worse than Method 1. The ﬂamelet preserving
property is argued to be the fundamental source of the diﬀerence of the diﬀerent
table integration approaches.
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5.5

Conclusion
In this work, diﬀerent ﬂamelet table integration approaches that integrate the

laminar ﬂamelet solutions to produce the ﬁnal ﬂamelet table for turbulent ﬂame
simulations are investigated systematically to provide a quantitative understanding
of the fundamental diﬀerence of the diﬀerent approaches. The FPV model is used in
the study although the issue is expected to exist in many diﬀerent ﬂamelet models.
Two classes of table integration approaches are investigated, categorized based on
the ﬂamelet preserving property. Three diﬀerent table integration approaches are
discussed in detail. The transported PDF method is also employed in the study to
provide a reference for the assessment of the diﬀerent table integration approaches.
The accuracy of the transported PDF method for the current study is qualitatively
validated by using the existing experimental data of the Sandia piloted jet ﬂame D. A
total of 480 PaSR simulations are performed to examine in detail the performance of
the diﬀerent methods and their qualitative and quantitative diﬀerence. The following
conclusions are drawn based on the study:
• The fundamental diﬀerence among the diﬀerent table integration approaches in
the context of the FPV model is their implied joint PDF of the mixture fraction
and the progress variable that is used for the presumed PDF table integration.
The study shows that the shapes of the joint PDF from the diﬀerent approaches
are dramatically diﬀerent;
• Method 1 preserves the laminar ﬂamelet structures during the table integration, while the other approaches lose the laminar ﬂamelet structures before the
integration;
• The generated ﬂamelet tables by using the diﬀerent table integration approaches
are diﬀerent in two aspects. One is that they cover diﬀerent regions in the
tabulation variable space, and the other is that the tabulated property at the
same point in the table can be dramatically diﬀerent;
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• The eﬀect of the diﬀerent ﬂamelet table integration approaches on the ﬂamelet
independent variables is mainly on the mean progress variable, and the eﬀect
on the mean and variance of the mixture fraction is negligibly small. The
relative diﬀerence on the prediction of the progress variable by using the diﬀerent
approaches is found to be up to 65%.
• The diﬀerence of the diﬀerent ﬂamelet tables themselves are examined in a
priori studies of PaSR over a wide range of conditions. The study reveals a
maximum of about 8% relative diﬀerence in the mean temperature, 22% in the
mean density, 30% in the mean major species, 60% in the mean intermediate
species, and 90% in the radical OH in the PaSR simulations with the diﬀerent
ﬂamelet tables.
• A posteriori studies are performed in PaSR over a wide range of conditions to
examine the eﬀect of errors in the predictions of the independent variables and
in the ﬂamelet tables on the actual PaSR predictions. The maximum relative
diﬀerence observed from the studies is about 20% in the mean temperature,
30% in the mean density, 40% in the mean major species, 60% in the mean
intermediate species, and 50% in the radical OH. Complicated interactions of
the two sources of errors are suggested by the analysis in the PaSR simulations.
• Qualitative and quantitative assessments of the diﬀerent table integration approaches are carefully conducted. It is suggested that, among the three approaches discussed, Method 1 is the preferred approach to yield the lowest error
in the predictions of PaSR by using FPV. The other approaches can yields up
to ten times more error in the predictions of PaSR. The ﬂamelet preserving
property is recommended as a desired property of a ﬂamelet table integration
approach.
This chapter examines diﬀerent ﬂamelet integration approaches in ﬂamelet models.
This provides a framework for the incorporation of DMD in the ﬂamelet mdoels. In
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the following chapter 6, we will model DMD in the ﬂamelet model framework. The
performances of several diﬀerent DMD models in ﬂamelet framework are assessed in
the DNS ﬂames through a priori and a posteriori analysis.

Appendix
A perfectly stirred reactor (PSR) has been experimentally studied by [98]. The
PSR can be viewed as an PaSR with zero or relatively small mixing time scale τm in
comparison with the residence time τr . We use the available PSR experimental data
to verify the research code used in this study, although it is expected that such a
veriﬁcation is limited. Unfortunately, experimental data for a real PaSR test case or
DNS data are not available in the literature. Following the experimental condition of
the PSR [98], we specify τr = 8.5 × 10−3 s and the inlet temperature 298K. Methane is
used as the fuel and air as the oxidizer. A range of the equivalence ratio ψ is considered
from 0.5 ≤ ψ ≤ 1.65. The adiabatic condition is considered in the simulations
although a small amount of heat loss (∼ 4%) is anticipated in the experiment [98].
The exact mixing time scale is unknown from the experiment. We examine a range
of relatively small mixing time scales, τm /τr = [0, 10−3 , 10−2 , 10−1 ]. The PSR cases
are modeled by the FPV model with the three table integration approaches discussed
in Section 2.2 and also by the transported PDF method. The simulation results
are compared in ﬁgure 5.13. From the ﬁgure, we can see that for the small mixing
time scale (τm /τr ≤ 10−2 ), all methods yield results in reasonable agreement with the
experimental data (circles). The results are found to be insensitive to the speciﬁcation
of the mixing time scale as long as the mixing time scale is small enough (e.g. τm /τr ≤
10−3 ), except Method 3 in which some slight diﬀerence is observed even for small
mixing time scales. When the mixing time scale is increased to τm /τr = 10−1 , some
signiﬁcant deviation of the simulation results from the experimental data is observed,
which is expected because the experimental data are for a PSR case corresponding
to τm /τr = 0. Overall the simulation results obtained by using the research code
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developed in this work are in reasonable agreement with the experimental data of
the PSR, which provides some level of veriﬁcation of the code with the recognized
limitation of the veriﬁcation.
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Fig. 5.13. Comparisons of the predicted (lines) and measured (circles) mean Te, and mean mole fractions of O2 and CO2 against the
equivalence ratio ψ in the PSR test case. Four diﬀerent methods are
used, the transported PDF method (the ﬁrst column), Method 1 discussed in Section 2.2.1 (the second column), Method 2 discussed in
Section 2.2.2 (the third column) and Method 3 discussed in Section
2.2.3 (the fourth column). Four diﬀerent mixing time scales are used
in the simulations, τm /τr = 0 (solid lines), 10−3 (dashed lines), 10−2
(dash-dotted), 10−1 (dotted lines).
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6. DEVELOPMENT AND VALIDATION OF
DIFFERENTIAL MOLECULAR DIFFUSION MODELS
In chapters 2, DMD behaviors in two DNS turbulent ﬂames are examined in detail
and compared with the DMD in ﬂamelet. The dependences of DMD on Re and
Da are investigated as well in the CO/H2 and the C2 H4 ﬂames, respectively. In the
Chapter 5, diﬀerent table integration approaches are discussed and a solid ﬂamelet
modeling framework is built. In this chapter, the two DNS data sets used in Chapter
2 are taken to assess the recently developed DMD ﬂamelet models [41] through a
priori and a posteriori analysis.

6.1

Consistent diﬀerential molecular diﬀusion model
In the original ﬂamelet models [24], equal diﬀusion and unity Lewis number are

assumed. The signiﬁcance of the DMD has been recognized in many experiments
[51, 63, 66, 101, 102] and simulations [52–54, 56, 103]. These studies indicate that the
equal diﬀusion and unity Lewis number assumptions only hold in very high Re number
problems, in which the turbulent diﬀusivity is larger by orders of magnitudes than the
molecular diﬀusivity. In low or moderate Re number problems [40], the magnitude of
turbulent diﬀusivity can be as low as the same order as molecular diﬀusivity, and equal
molecular diﬀusivity can hardly be a good assumption. It is thus required to consider
the DMD eﬀects to be incorporated in the ﬂamelet models. Even in globally high
Reynolds number problems, the DMD may still have non-negligible eﬀects in certain
regions. For example, in a piloted jet ﬂames, the DMD is signiﬁcant in the near
jet region [51] and can not be ignored. These ﬁndings suggest that DMD strongly
depends on the turbulence level or Re number. This dependence has been clearly
demonstrated by the results in chapter 2.
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Eﬀorts have been made in the past to incorporate DMD in ﬂamelet models. Pitsch
et al. [52, 70] derived complete laminar ﬂamelet equations with the DMD eﬀects and
applied them in a turbulent jet ﬂame. Their model captured the DMD eﬀect in the
near jet region but yielded signiﬁcant over-prediction downstream. The reason for
the over-prediction is argued to be because their model is independent of Re [41]. For
convenience, this model is denoted as the DD model. Recently, a series of consistent
DMD models were developed by Wang [41] in which the dependence of DMD on Re is
incorporated by considering the limiting behaviors of DMD at low Re and very high
Re number. In this study, two of Wang’s models, linear diﬀerential diﬀusion model
(LDD) and non-linear diﬀerential diﬀusion model (NDD) are used. These models
have been tested in the Sandia piloted ﬂames and further evaluation is useful [41]. In
the following, the two DNS data sets [61, 62] used in chapter 2 will be used to assess
the LDD and NDD models. Both a priori and a posteriori analysis will be conducted.
A brief review of the DMD models is provided in this section for completeness. In
the traditional ﬂamelet model with equal diﬀusivity (ED) and unity Lewis number,
ﬂamelet equations are written as,
ρχ ∂ 2 φk
+ ω̇k = 0.
2 ∂ξ 2

(6.1)

The thermo chemical quantities φk are parameterized as φED
= φED
k
k (ξ, χst ), where
the supscript “ED” represents the ED model.
Pitsch and Peters [70] derived the laminar ﬂamelet equations incorporating DMD,
and a simpliﬁed version is shown here,
1
1 ∂ρχ ∂φk
ρχ ∂ 2 φk
+
ω̇
−
(1
−
)
= 0,
k
4
Lek ∂ξ ∂ξ
2 ∂ξ 2

(6.2)

where Lek is the Lewis number for species k. A complete version of the ﬂamelet
equations with DMD can be found in [70]. The thermo chemical quantities φk are
parameterized as φDD
= φDD
k
k (ξ, χst ), where the supscript “DD” represents the DD
model.
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The DD model neglects the dependence of DMD on Re. When Re is inﬁnitely
large, the turbulent diﬀusion dominates molecular diﬀusion, and the DMD is negligibly small and can be approximated well by ED model. On the contrary, when Re
is very small, turbulent diﬀusion is small and the molecular diﬀusion is dominant.
In this limit, the DD model performs excellent in predicting DMD. The LDD and
NDD models [41] consider these two limiting behaviors and introduce a parameter θ
to measure the level of DMD. A simple speciﬁcation of θ can be made as

θ=

r
,
1+r

(6.3)

where the variable r is deﬁned as the ratio between molecular diﬀusivity and turbulent
diﬀusivity, r = DM /DT . It can be easily veriﬁed that the deﬁnition of θ implies that
θ = 1 at the limit of small Re and θ = 0 at the limit of inﬁnitely large Re. In the
LDD model, a linear blending of the ED model and the DD model is used, i.e.,

ED
(ξ, χst , θ) = θφDD
φLDD
k
k (ξ, χst ) + (1 − θ)φk (ξ, χst ).

(6.4)

An alternative way to incorporate the Re dependence is to attenuate the Lewis
number (Le), as done in the NDD model. An eﬀective L̂e is obtained analytically for
species k based on a simpliﬁed mixing layer analysis [41],
ˆk =
Le

Lek
.
Lek + θ(1 − Lek )

(6.5)

ˆ k = Lek at the small Re limit and Le
ˆ k = 1 at
It can also be veriﬁed easily that Le
the inﬁnitely large Re limit. In the NDD model, this eﬀective L̂e is used in equation
(6.2) as,
1
1 ∂ρχ ∂φk
ρχ ∂ 2 φk
+ ω̇k − (1 −
)
= 0.
2
4
2 ∂ξ
Lêk ∂ξ ∂ξ

(6.6)

DD
DD
= φN
Then the thermo chemical quantities φk are parameterized as φN
(ξ, χst , θ),
k
k

where the supscript “NDD” represents the NDD model.
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In ﬂamelet models, the turbulent statistics are approximated by integrating the
ﬂamelet solutions with presumed PDF as shown in equation (4.4). In the four ﬂamelet
models mentioned above, we can obtain the ﬁnal ﬂamelet tables by integrating each
002 , χ̃ ) for the ED model, φ
002 , χ̃ )
˜ ξf
˜DD = φ̃DD (ξ,
˜ ξf
ﬂamelet solution as φ̃ED = φ̃ED (ξ,
st
st
002 , χ̃ , θ) for the LDD model and φ̃N DD =
˜ ξf
for the DD model, φ̃LDD = φ̃LDD (ξ,
st
002 , χ̃ , θ) for the NDD model, respectively.
˜ ξf
φ̃N DD (ξ,
st

In the following sections 6.2 and 6.3, the performances of these ﬂamelet models
(ED, DD, LDD, NDD) are evaluated in the CO/H2 DNS ﬂames [61] and the C2 H4
DNS ﬂames [62] by both a priori and a posteriori analysis. The CO/H2 DNS ﬂames
are the same DNS ﬂames as those in chapter 2 which have three cases with diﬀerent
Re (case L, case M, case H) and are useful for evaluating the performance of the DMD
ﬂamelet models. The C2 H4 DNS ﬂames have three cases with diﬀerent Da number
(case 1, case 2 and case 3), and are useful for evaluating the eﬀects of chemical reaction
on the DMD eﬀects. In the a priori analysis in section 6.2, we take the inputs for
looking up the ﬂamelet tables directly from the DNS data sets, and compare the
predictions of DMD. In other words, the values of the inputs are all the same for
these DMD models. In the a posteriori analysis in section 6.3, RANS calculations are
conducted and compared with the DNS ﬂames data in detail.

6.2

A priori analysis of the diﬀerential molecular diﬀusion models
In this section, the inputs for looking up the ﬂamelet tables are directly taken

002 , χ̃ ), from the DNS
from the DNS data sets. For the DD model, we only need (ξ˜, ξf
st

data. For LDD and NDD model, we also need the molecular diﬀusivity and turbulent
diﬀusivity to calculate θ based on equation (6.3). The value of the thermal diﬀusivity
α is taken as the molecular diﬀusivity directly from the DNS data. The turbulent
diﬀusivity is evaluated based on the gradient diﬀusion assumption [5],
g
˜
e t = − ρvξB − ρ̄ṽξB ,
D
ρ̄rξ˜B

(6.7)
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e t is the turbulent diﬀusivity, ρ represents the density, v the crosswise velocity,
where D
002 , χ̃ ) or
ξB the mixture fraction based on Bilger’s deﬁnition. With the inputs (ξ˜, ξf
st
002 , χ̃ , θ), the predictions of z̃
(ξ˜, ξf
st
HC are obtained by looking up the ﬂamelet tables

of the four diﬀerent models.

6.2.1

CO/H2 DNS ﬂames
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Fig. 6.1. Proﬁles of θ against ξ˜C in the three CO/H2 DNS ﬂames, case
L (solid lines), case M (dashed lines), and case H (dash-dotted lines),
at t/tj = 10, 20, 30, and 40.

Before comparing the predictions of z̃HC , it is worthwhile to look at the proﬁles
of θ. Figure 6.1 shows the proﬁles of θ from the three CO/H2 DNS ﬂames at the
diﬀerent times. Two observations can be made from the ﬁgure. One is that, at time
say t/tj = 10, case L yields the highest value of θ in the mixture fraction space
followed by case M, and Case H has the lowest value of θ. This indicates that case
L has the highest level of DMD due to its lowest Re, which is consistent with the
observations in chapter 2. The second observation is that the value of θ decreases for
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each case before t/tj = 30 which indicates the reduction of DMD. The value of θ is
about the same at t/tj = 30 and t/tj = 40.
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Fig. 6.2. Predictions of z̃HC against ξ˜C in the three CO/H2 DNS
ﬂames with diﬀerent ﬂamelet models with DD, LDD, and NDD, case
L (the ﬁrst column), case M (the second column), and case H (the
third column), at t/tj = 10, 20, 30, and 40. The inputs for the ﬂamelet
table lookup are extracted from the DNS data directly.

Figure 6.2 shows the comparison of the predictions of z̃HC against ξ˜C for the three
CO/H2 DNS ﬂames. From the ﬁgure, we can see that the DD model overpredicts
z̃HC signiﬁcantly for all the three DNS ﬂames. At time t/tj = 10 and t/tj = 20,
the DD model yields the highest z̃HC in case H and lowest z̃HC in case L, which
is in the opposite trend shown in the DNS data. This means that the DD model
fails to capture the dependence of DMD on Re. Both the LDD and NDD models
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perform reasonably well in predicting z̃HC including its dependence on Re although
some discrepancies are observed at t/tj = 10 for the three cases.

6.2.2

C2 H4 DNS ﬂames
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Fig. 6.3. Proﬁles of θ against ξ˜C in the three C2 H4 DNS ﬂames, case
1 (solid lines), case 2 (dashed lines), and case 3 (dash-dotted lines),
at t/tj = 10, 20, 30, and 40.

Figure 6.3 shows the proﬁles of θ from the three C2 H4 DNS ﬂames. Similar to the
CO/H2 DNS ﬂames, case 1 has the highest value of θ in the mixture fraction space
at each time. This indicates that case 1 has the highest level of DMD due to the
highest value of Da in these three C2 H4 DNS ﬂames. Also from time t/tj = 10 to
time t/tj = 20, the value of θ decreases signiﬁcantly in all the DNS ﬂames due to the
initial development of turbulence.
Figure 6.4 shows the comparison of the predictions of z̃HC against ξ˜C for the three
C2 H4 DNS ﬂames. From the ﬁgure, we can see that the DD model overpredicts z̃HC
signiﬁcantly for all the three C2 H4 DNS ﬂames. Both LDD and NDD models are able
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Fig. 6.4. Predictions of z̃HC against ξ˜C in the three C2 H4 DNS ﬂames
with the diﬀerent ﬂamelet models with DD, LDD, and NDD, case 1
(the ﬁrst column), case 2 (the second column), and case 3 (the third
column), at t/tj = 10, 20, 30, and 40. The inputs for the ﬂamelet
table lookup are extracted from the DNS data directly.

to predict a reasonable level of DMD at all the times. However, signiﬁcant diﬀerence
is observed between the model results of the LDD and NDD and the DNS data. In
the next section, we will explore the cause of this discrepancy.
To sum up, in this section, the a priori analysis is conducted for the DMD models.
and LDD model and NDD models demonstrate their capability in predicting DMD.
In the following section, actual RANS calculations are performed with these models
to simulate the DNS ﬂames, and the predictions are compared with the DNS data.
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6.3

A posteriori analysis of the diﬀerential molecular diﬀusion models
Incompressible RANS calculations are conducted, and the predictions of the RANS

calculations are compared with the DNS ﬂames data. It is noted that the DNS ﬂames
are homogeneous in the streamwise and spanwise direction [61], thus one dimensional
transient RANS calculations are conducted to predict the DNS ﬂames.

6.3.1

Numerical simulation approach

The governing equations of the one dimensional transient RANS with ﬂamelet
modeling are the following,
∂ρ̄ũ ∂ρ̄ṽũ
∂
∂ũ
00 v 00 ),
+
=
(ρ̄ν
− ρ̄ug
∂t
∂y
∂y
∂y

(6.8)

∂ρ̄ṽ ∂ρ̄ṽṽ
∂
∂ṽ
00 v 00 ),
+
=
(ρ̄ν
− ρ̄vg
∂t
∂y
∂y
∂y

(6.9)

where ũ is the Favre mean velocity in streamwise direction, ṽ the mean velocity in
00 00
crosswise direction, ρ̄ the mean density, ν the molecular viscosity, ρ̄ug
i uj the turbulent
00 v 00 and ρ̄vg
00 v 00 is closed by an eddy viscosity
velocity ﬂux. The turbulent ﬂux ρ̄ug

approximation [6],
2
00 00
−ρ̄ug
i uj = − ρ̄kδij + 2µT Sij ,
3

(6.10)

where k is the turbulent kinetic energy, S̃ij the velocity strain rate tensor, and µT is
the turbulent viscosity and is modeled by the k −  model [6],

µT = ρC
¯ µ

k2
.


(6.11)

The turbulent kinetic energy k and turbulent dissipation rate  are obtained by solving
their transported equations,
∂ ρ˜
¯vk
∂
∂k
∂ρk
¯
00 00 ∂ũi
+
= −ρ̄ug
− ρ
¯ +
((µM + µT ) ),
iv
∂t
∂y
∂y
∂y
∂y

(6.12)
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∂
∂
∂ρ
¯
∂ρ̄v
˜
00 00 ∂ũi 
+
= −C1 ρu
¯g
− C2 ρ¯ +
((µM + µT ) ),
iv
∂t
∂y
∂y k
k
∂y
∂y

(6.13)

where the model constants Cµ = 0.09, C1 = 1.44, C2 = 1.92. The transported
equations of the mean mixture fraction and its variance are the following,
∂ρ̄ξ˜ ∂ρ̄ṽξ˜
∂
∂ξ˜
00 v 00 ),
+
=
(ρ̄DM
− ρξ
¯g
∂t
∂y
∂y
∂y
002
002
002
∂ ρξ
¯f
∂ρ̄ṽ ξf
∂
∂ξf
g
002 v 00 ) − 2ρ̄ξg
00 v 00 · rξ˜ − 2ρ̄D (r
+
=
(ρ̄DM
− ρξ
¯g
ξ 00 )2 ,
M
∂t
∂y
∂y
∂y

(6.14)
(6.15)

002 the mean mixture fraction variance, D
where ξ˜ is the mean mixture fraction, ξf
M the
00 v 00 is the turbulent scalar ﬂux and is modeled by a gradientmolecular diﬀusivity, ρξ
¯g

diﬀusion assumption,

00 v 00 = ρD
−¯
¯ T
ρξg

∂ξ˜
,
∂y

(6.16)

in which DT is the turbulent diﬀusivity and is estimated by DT = νT /Sct with the
002 v 00 is closed in the same manner. The
turbulent Schmidt number Sct = 0.85 [6]. ρξ
¯g
002 /k, where the
scalar dissipation rate χ = 2ρ̄DM (rg
ξ 00 )2 is estimated by χ = Cχ ξf

model constant Cχ = 2.0 [6].
In the simulations, the domain size is the same as that in the DNS ﬂames in
the crosstream direction. A total of 200 uniform staggered grids are used to divide
the domain. In the governing equations, the diﬀusion terms are discretized with the
second order central scheme and upwind scheme is used for convection terms [104].
Second order explicit Heun scheme [104] is used to integrated the equations in time
and the pressure correction is employed after each time step to ensure the mass
conservation being satisﬁed. It is worthwhile to note that the all the calculations start
from t/tj = 20, where tj is the characteristic ﬂow time scale in the DNS ﬂames [61],
rather than the t/tj = 0 as in the DNS ﬂames. This starting time is chosen because
in the DNS ﬂames, a steady ﬂamelet solution with unity Lewis number is used as
the initial condition in the DNS ﬂames [61] and the eﬀects of initial conditions have
already been faded at the time t/tj = 20 [61] as noted in chapter 2.
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All the laminar steady ﬂamelet solutions that are used to generate the ﬂamelet
tables are computed from OPPDIF [64] with the same boundary conditions as in
the DNS ﬂames. The strain rate of the ﬂamelet solutions ranges from 1s−1 to the
extinction point at 2500s−1 for the CO/H2 DNS ﬂames and 7648s−1 , 5803s−1 and
3888s−1 for the three C2 H4 DNS ﬂames, respectively. An adaptive grid is used to
store the ﬂamelet solutions, with more than 800 grids being used for the diﬀerent
ﬂamelets. In the LDD and NDD model, 11 uniform grids are used in the θ direction
in the range from 0 to 1. By using a presumed PDF for the joint distribution of ξ
and χst , we can integrate the steady ﬂamelet solutions to obtain the ﬂamelet tables
002 , χ̃ ) for the DD model, or (ξ,
002 , χ̃ , θ) for LDD and NDD
˜ ξf
˜ ξf
parameterized by (ξ,
st
st

models as shown in equation (4.4). The statistical independence is assumed between
ξ and χst , and the β-PDF [5] is used for the mixture fraction and the δ-PDF [5] is
used for χst . A grid with 50 points is used in the mixture fraction variance direction
for all the ﬂamelet tables.

6.3.2

CO/H2 DNS ﬂames

Figure 6.5 shows the predictions of the mean normalized axial velocity, the mean
mixture fraction, the variance of mixture fraction and the turbulent kinetic energy of
the ﬂamelet models with ED, DD, LDD, and NDD in the three CO/H2 DNS ﬂames
at time t/tj = 45. Overall, we can see from the ﬁgure that the predictions of the
mean axial velocity, the mean mixture fraction, the variance of mixture fraction and
turbulent kinetic energy are very close to the DNS data for all the four models except
that there is up to 20% overprediction in turbulent kinetic energy in case M and case
H. The diﬀerent between diﬀerent model predictions is very small, which indicates
that the predictions of these quantities are not very sensitive to the choice of the
diﬀerent models. This also implies that DMD in the CO/H2 DNS ﬂames has little
eﬀect on the ﬂow and turbulence ﬁelds.
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ũ

DNS
DD
ED
LDD
NDD

ξ˜

0
0.5

′′2
ξf

0
0.05

1500
0

k

1000
500
0
0

2

4

0

2

4

0

2

4

6

y/mm

Fig. 6.5. Predictions of the mean normalized axial velocity, the mean
mixture fraction, the variance of mixture fraction and the turbulent
kinetic energy of the four ﬂamelet models with ED, DD, LDD, and
NDD in the three CO/H2 DNS ﬂames, case L (left column), case M
(middle column), and case H (right column) at time t/tj = 45.

Figure 6.6 shows the predictions of z̃HC against ξ˜C in the three CO/H2 DNS ﬂames
with the diﬀerent models, for case L (the ﬁrst column), case M (the second column),
and case H (the third column), at t/tj =20, 30, and 40, respectively. It shows clearly
that the DD model overpredicts DMD signiﬁcantly in the three CO/H2 DNS ﬂames.
When comparing the predictions of the DD model at the same time across the three
DNS ﬂames, we can see that the DD model yields almost the same level of DMD
although the three DNS ﬂames have diﬀerent Re. This conﬁrms the fact that DD
model fails to predict the dependence of DMD on Re as the discussion in section 6.2.
Both the LDD and NDD models predict a reasonable level of DMD when compared
to the DNS data, with some discrepancy between the predictions and the DNS data.
Comparing the predictions of DMD at the same time across the three DNS ﬂames, we
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can see that both the LDD and NDD models capture the decreasing trend of DMD
from case L to case H when Re increases. This observation conﬁrms that by involving
the dependence of DMD on Re, the LDD and NDD models are able to predict the
DMD reasonably in these DNS ﬂames. Comparing the results of LDD model and
NDD model, we note that the LDD model performs quite well although it simply
combines the ED model and DD model.
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Fig. 6.6. Predictions of z̃HC against ξ˜C in the three CO/H2 DNS
ﬂames with four diﬀerent models, case L (the ﬁrst column), case M
(the second column), and case H (the third column), at t/tj =20, 30,
and 40 in the unsteady RANS calculations
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Fig. 6.7. Predictions of z̃HC against ξ˜C in the three C2 H4 DNS ﬂames
with four diﬀerent models, case 1 (the ﬁrst column), case 2 (the second
column), and case 3 (the third column), at t/tj =20, 30, and 40 in
the unsteady RANS calculations

6.3.3

C2 H4 DNS ﬂames

For the C2 H4 DNS ﬂames, the ﬂow ﬁelds and turbulence are predicted reasonably
well when compared to the DNS data just as in the CO/H2 DNS ﬂames in Section
6.3.2. These results are not shown here, and we focus on the predictions of DMD
in the discussion of the C2 H4 DNS ﬂames. Figure 6.7 shows the predictions of z̃HC
against ξ˜C in the three C2 H4 DNS ﬂames with the diﬀerent DMD ﬂamelet models for
case 1 (the ﬁrst column), case 2 (the second column), and case 3 (the third column), at
t/tj =20, 30, and 40, respectively. The ﬁgure shows that the DD model overpredicts
the DMD signiﬁcantly in the three C2 H4 DNS ﬂames, and both the LDD and NDD
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models predict a reasonable level of DMD. However, a big diﬀerence between the
predictions of the models (LDD and NDD) and the DNS data is observed on the
fuel side. This observation is consistent with the results of the a priori analysis and
is expected to be due to the steady ﬂamelet model used in the simulations. In the
following, an unsteady ﬂamelet model combined with the NDD model will be used to
simulate the three C2 H4 DNS ﬂames to explore the cause of the discrepancy in the
model predictions in the C2 H4 DNS ﬂames.

6.3.4

Unsteady ﬂamelet modeling of C2 H4 DNS ﬂames

In the previous section, large discrepancies are observed in the predictions of DMD
for C2 H4 DNS ﬂames with the steady ﬂamelet model. In this section, an unsteady
ﬂamelet model combined with the NDD model is used to calculate the C2 H4 DNS
ﬂames again to explore the eﬀects of unsteadiness on the predictions of DMD.
An unsteady ﬂamelet model [27,52] requires the evolution history of a conditional
scalar dissipation rate which is diﬃcult to obtain. In this discussion, the focus is
to demonstrate the eﬀects of unsteadiness on the predictions of DMD in C2 H4 DNS
ﬂames. For that purpose, we extract the history of the conditional scalar dissipation
rate directly from the DNS data and perform unsteady ﬂamelet calculations [70] with
the NDD model. By using the conditional scalar dissipation rate in equation to
replace χ, we can solve the unsteady ﬂamelet equation and store the history data
002 , t, θ), unsteady RANS
˜ ξf
in a ﬂamelet table, a ﬂamelet table φ˜un,N DD = φ̃un,N DD (ξ,

simulations are then performed by using this unsteady ﬂamelet table.
Figure 6.8 shows the unsteady ﬂamelet predictions of z̃HC against ξ˜C in the three
C2 H4 DNS ﬂames with the NDD model, for case 1 (the ﬁrst column), case 2 (the second column), and case 3 (the third column), at t/tj =20, 30, and 40. From the ﬁgure,
we can see that the unsteady ﬂamelet model is able to predict the DMD behaviors in
the C2 H4 DNS ﬂames much better than the steady ﬂamelet model although discrepancy still exists which is possibly caused by other eﬀects such as the inadequacy of
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Fig. 6.8. Predictions of z̃HC against ξ˜C in the three C2 H4 DNS ﬂames
with unsteady ﬂamelet with NDD model, case 1 (the ﬁrst column),
case 2 (the second column), and case 3 (the third column), at t/tj =20,
30, and 40 in the unsteady RANS calculations.

using unsteady ﬂamelet model and the eﬀect of local ﬂame extinction. Nevertheless,
the results provide a reasonable explanation to the signiﬁcant discrepancy in terms
of the DMD predictions by using the steady ﬂamelet model in Section 6.3.3.
To summarize, in this section, one dimensional unsteady RANS calculations with
the diﬀerent DMD ﬂamelet models are conducted for both the CO/H2 DNS ﬂames
and the C2 H4 DNS ﬂames. The results of z̃HC show that the DD models is not able
to predict the correct DMD trend and the LDD and NDD models are capable to
yield the reasonable levels of DMD in both the CO/H2 DNS ﬂames and the C2 H4
DNS ﬂames. Also, it is shown that the steady ﬂamelet model is able to predict the
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DMD behaviors in the CO/H2 DNS ﬂames quite well, while for the C2 H4 DNS ﬂames,
unsteady ﬂamelet model is necessary in order to produce reasonable predictions of
DMD. This diﬀerence can be explained by the diﬀerent roles of H2 in these ﬂames
as discussed in Chapter 2. In the C2 H4 DNS ﬂames, H2 is produced by chemical
reactions, while chemical reactions can be aﬀected by unsteadiness since the DNS
ﬂames are highly transient ﬂames.

6.4

Summary
Diﬀerent DMD ﬂamelet models are analyzed in the CO/H2 DNS ﬂames and the

C2 H4 DNS ﬂames through a priori and a posteriori analysis. The predictions of DMD
are compared with the DNS data thoroughly. The following major conclusions are
drawn based on this study:
1. The performance of the models is examined in a priori. The results indicate
that the DD model in general overpredicts DMD eﬀects. Both the LDD model
and NDD model are able to reasonably predict DMD in the DNS ﬂames.
2. The LDD and NDD models capture the dependence of DMD on Re quite well
in the CO/H2 DNS ﬂames while the DD model missed this dependence.
3. A posteriori studies are performed in all the DNS ﬂames. The results suggest
that the ﬂow ﬁelds and mixture fraction ﬁeld are not very sensitive to the DMD
models in the DNS ﬂames, and their predictions are close to the DNS data.
4. The predictions of DMD in the a posteriori studies conﬁrm the capability of the
LDD and NDD models.
5. The transient eﬀect is found to be critical for accurate predictions of DMD for
the C2 H4 DNS ﬂames. In order to predict the DMD behaviors in the C2 H4 DNS
ﬂames, unsteady ﬂamelet model is found to be necessary.

121

7. SUMMARY AND CONCLUSIONS
Energy shortage is one of the major social issues for human beings due to the rapid
increase of energy consumption to support industrial operation, transportation, residential, and commercial activities. Presently, combustion is still the major way to
produce useful energy through the burning of fossil fuels. In most of the combustors, the burning of fossil fuels occurs in a turbulent environment. Understanding
turbulent combustion is critically important for the improvement of combustor design. The goal of this work is to model turbulent combustion more accurately with
fundamental basis, which will ultimately help optimize combustor design in practical
applications. Particularly, in the context of diﬀerential molecular diﬀusion, various
eﬀorts have been made to advance the models.
In this work, the DMD behaviors in the CO/H2 DNS ﬂames and in the C2 H4
DNS ﬂames are examined and a quantitative understanding of DMD behaviors in
turbulent ﬂames is presented in Chapter 2. A power-law scaling of DMD in terms of
Re is examined statistically. In Chapter 3, the modeling requirements of turbulence
model in order to predict the correct power-law scaling of DMD in RANS simulations
are investigated through a perturbation analysis and numerical simulations. Chapter
4 brieﬂy reviews the diﬀerent types of ﬂamelet models. In Chapter 5, diﬀerent ﬂamelet
integration approaches in ﬂamelet models are discussed in detail and their eﬀects on
the predictions of scalars are examined systematically in partially stirred reactors. In
Chapter 6, recently developed DMD ﬂamelet models are assessed in both the CO/H2
and C2 H4 DNS ﬂames. The DMD predictions of these models are compared with the
DNS database via a priori and a posteriori analysis. Based on the work, the following
major conclusions are drawn.
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• DMD behaviors can be ﬂamelet-like and non-ﬂamlet-like. A power-law scaling
can be used to quantify the scaling of DMD with respect to Re and Da. These
ﬁndings are useful in the further development of DMD models.
• A statistical analysis of the Re-dependence shows that the eﬀect of DMD on
mean quantities has the highest probability of scaling as Re−1 and the eﬀect
of DMD on RMS quantities has the highest probability of scaling as Re−0.25 .
These statistical scaling results are consistent with previous ﬁndings from theoretical analysis in non-reacting problems, indicating negligible eﬀect of chemical
reaction on the scaling of DMD with respect to Re.
• An equal mixing time scale model is found to be unable to yield the power-law
scaling of DMD, while a diﬀerential mixing time scale is found to be able to
yield the desired scaling consistently.
• Diﬀerent ﬂamelet table integration approaches, which imply diﬀerent joint PDFs
of the mixture fraction and the progress variable, aﬀect the predictions of
ﬂamelet models signiﬁcantly. An integration approach which preserves the
shapes of ﬂamelet is found to be the preferred method to integrate the ﬂamelet
solutions.
• The recently developed DMD models (LDD and NDD) are found to be able to
predict the DMD behaviors in both the CO/H2 and C2 H4 DNS ﬂames, especially
the dependence of DMD on Re. By comparing the predictions between the
steady ﬂamelet model and unsteady ﬂamelet model in the C2 H4 DNS ﬂames,
we identify that the transient eﬀect is a key factor to inﬂuence the performance
of DMD models in the C2 H4 DNS ﬂames.
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